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Abstract

We presenta simplemethodfor compessingverylarge andregularly sampledscalar£elds.Our methods partic-
ularly attractivewhenthe entire datasetdoesnot £tin memoryandwhenthe samplingrateis highrelativeto the
feature sizeof thescalar£eldin all dimensionsAlthoughwereportresultsfor R® andR* datasetsthe proposed
approac maybe appliedto higher dimensionsThe methodis basedon the new Lorenzopredictor introduced
here, which estimateshevalueof the scalar£eldat ead samplefromthevaluesat processedeighbos. Thepre-
dictedvaluesare exactwhenthen-dimensionascalar£eldis animplicit polynomialof degreenj 1. Surprisingly
whenthe residuals(differencesbetweerthe actual and predictedvalues)are encodedusing arithmetic coding
the proposedmethodoften outperformswaveletcompessionin an L1 sense The proposedapproac may be
usedbothfor lossyand losslesscompessionandis well suitedfor out-of-coe compessionand decompession,
because trivial implementationwhich sweepghroughthe datasetreadingit once requiresmaintainingonly a
smallbuffer in core memorywhosesizebarely exceedsa single(nj 1)-dimensionaklice of thedata.

CategoriesandSubjectDescriptorgaccordingo ACM CCS} 1.3.5[ComputerGraphics]:Compressionscalafelds,

out-of-core.

1. Intr oduction

Numerousengineeringbiomedical,and otherscienti£cap-
plicationsproducesxtremelylargedatasetsthroughnumeric
simulationsor physical dataacquisition.In a large propor
tion of the cases,the datarepresentsone or more scalar
feldssampledverregulargridsin dimensiorthree four, or
higher For examplea typical 3D simulationproducesval-
ueson a regular grid of 2;048% samples. In 4D a typical
comhustionsimulationgeneratedisinga High-Performance
Parallel ProcessingClustermay include 1,000time slices,
eachrepresentinga regular samplingof a cubeat a resolu-
tion of 512° 1. Anotherexamplemayberuiddynamicglata,
usedin ourtests(seeFig. 1). At eachspace-timesamplethe
valuesof severalscalarandvector£eldsareproduced Stor
ing the resultsof this simulationand transmittingthemto
remotevisualizationclientsis expensve. A variety of data
compressiortechniqueshave beenproposedo reducethe
storageandtransmissiorcost4.

We focushereon theloss-lesssingleresolution(i.e. non
progressie) compressionlnsteadof a hierarchicaimethod,
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which transmitsa sub-sampledand possibly smoothened)
model£rstandthenestimateshemissingvaluesthroughin-
terpolationwe transmitthevaluesin order usinganew pre-
dictor to extrapolatethe next valuefrom the previous ones.
Theresidualgdifferencedetweenthe actualandpredicted
values)may be encodedvith fewer bits and,if desired fur-
thercompressedsingarithmeticcoding.

We have extendeda simple two-dimensionalparallelo-
gram predictor® to higher dimensionsand have namedit
theLorenzopredictor It estimateshe scalarvalueof asam-
ple on the cornerof an n-dimensionakubefrom the scalar
valuesof the others2"; 1 corners.Although the formula
for the predictoris very simple, its predictive power is sig-
nifcantfor higherdimensionaldata. For example,in R4,
the Lorenzopredictor can recover exactly ary scalar£eld
that corresponddo an implicit cubic polynomial.In some
situations the proposedmethodoutperformswavelet com-
pressionin anL; sensewhen the residualsare encoded
usingarithmeticcompressionk-urthermorebecauseduring
compressiomnddecompressionye only needto accesshe
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Figure 1: A 4D datasetfroma simulationof two auidsin-
teracting

immediateneighborsthe proposedapproachs particularly
well suitedfor out-of-corecompressioranddecompression
wherethetotal sizeof thedatasetsigni£cantlyexceedsvhat
canbestoredin corememory

2. Prior Art

Several compressiontechniqueshave been proposedfor
lower dimensionalgriddeddata. Theseinclude image and
video compressiontechniquesas offered by the MPEG-

4 standard'® and variousvolume compressiorapproaches
1112

A variety of methodgo compres<D volumeshave been
proposedn recentyears.Thesencludewavelets1o, discrete
cosinetransform(DCT) 2 andrun lengthencoding(RLE) 2.
Thewaveletapproactusesaninterpolatingpredictor which,
accordingto informal experiments,producess0% smaller
residualghananextrapolatingpredictor On the otherhand,
thewavelet's hierarchicabpproachrequiresmorespaceand
processingpower thanour extrapolatingpredictor Whenlo-
cal temporarystorageis anissue,wavelet approachesnay
breakthe datasetin smallerchunksandcompressachone
independentlyTheproposedpproactdoesnotrequiresuch
splitting.

Fowler and Yagel 12 proposea similar approacho ours.
They alsousepreviously decodedsamplego predicta nev
valuein 3D volumes.They usethethreenearesheighbors,
andcomputeoptimal coeEcientsfor their predictor In con-
trast,we usesevenneighborsMa etal 13 computeanoctree
for eachframe,andencodehe differencedetweeroctrees.
They alsocompareuniform, non-uniformor adaptve quan-
tizationof thedatabeforecompression.

Othersquantizethe correctionsor the wavelets coek-
cients,like Bajaj etal. 11. We quantizethe datasetandthen
performa losslessencoding.Thus due the maximumerror
producecby our approachs theboundedjuantizatiorerror.

Out-of-coremethodsfor simplifying 14 and compressing
1517 3D polygonal mesheshave recently been proposed.
Out-of-coremethodsfor compressing3D volumetric data
setshave also beenproposed!é. Chiuehet al's approach
segmentsthe volumeinto differentchunks transformseach
chunkseparatelysinga Fouriertransformandencodeshe
transformedesult.

3. The Predictor

Whenappliedto asamplev, theLorenzopredictorestimates
the scalarvalueF (v) atv from its immediateneighborghat
have alreadybeenprocessedAssumethatthe datais orga-
nizedasaregulargrid of samplesBoth the compressoand
decompressovisit the datain scanlineorder For simplic-
ity of notation,we usethe local coordinatesystemwhere
samplev hascoordinated 1g" = (1;1;:::;1) andits previ-
ously visited neighborsare thosesampleswith coordinates
in Z5 = £0;1g". The value of the scalar£eld F(v) is esti-
matedfrom the£eldvaluesattheotherpreviously recorered
verticesU = 23 fvg of then-dimensionalinit cubeusing
thefollowing formula:

EM= & (i D°V () (1)
u2uU
whereE(v) is the predictionof F atv andcg(u) denotegshe
numberof coordinateof u thatequalzero.Note that co(u)
mayalsobeexpressedsco(u) = nj c1(u) = nj udv, where
n is the dimensioncy (u) is the numberof coordinatesn u
thatequalone,andudv is thedot productof u andv.

Notethat,asshavn in Fig. 2, in this formulation,theim-
mediateneighborof thepredictedvertex v have weight+ 1.
Seconddegreeneighbors(i.e., thosewhich canbe reached
from v by traversingtwo edgeof thecube)have weightj 1,
third degreeneighborshave weight+ 1, andsoon.

4. Prediction for polynomials

The estimatedraluescomputedby the Lorenzopredictorin
n dimensionsareexactfor all scalarfunctionsthatarepoly-
nomialsof degreenj 1.As aproof,assumehatP is apoly-
nomialof degreemin n variableswith m< n, andconsider
thefollowing theoremandits corollary:

Theorem 1 For agivenmonomialM in nvariablesof degree
m< n, thesumof signedvalues(j 1)®“'M(u) overall the
verticesu of the unit cubeis zero.

the form: x{* G '3t 000k, with 8i pi, 0 and
&; pi = m. Thetheorenstateshaté ,» zy(i 1)UM(u) = 0.

Proof There are n variables,but the sum &; pj = m of
the powers of the variableslisted in M is less than n.
Thereforeat leastone variableis not listed in M. Assume
without loss of generality that the K" variable is not
listed. Consequentlythe value of M is independenbf that
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predicted
./ positive

O negative

Figure 2: In the 2D case(top left), the new valueis pre-
dictedfromits neighbos usingthe parallelogramrule (add
thescalar£eldvaluesatthetwo"a' verticesandsubtactthe
valueatthe'b' verte). In the 3D case weaddthevaluesof
the a' corners, subtiact the valuesof "b' corners, and add
the valuesof the “c' corner In the 4D case we addtheval-
uesat the £rst and third degree neighbos and subtract the
sumof thevaluesat the secondandfourth degreeneighbos.

M(X1; 205 X 151 X 152255 %n). Note that
G 1t Coe0rCOeX, — G 11t COE1+ C0€Xy  There-
fore, theverticesof thecubecanbe pairedsothatthevalues
of (i 1)YM(u) onthetwo verticesof ary pair areeither
both zero or have the samemagnitudebut oppositesigns.
Thus,the sumof the signedvaluesis zero. [

This result may be easily extendedto polynomialsas fol-
lows.

Corollary 1 For a givenpolynomialP in n variablesof de-
greem< n, thesumof thesignedvalues(j 1) P(u) over
all theverticesu of theunit cubeis zero.

Proof P = &; M; is the sumof monomialsof degreem< n.
We canpermutethetwo summations:

a (0w = & (i Y3 M

w225 u27zj i

& & (i *mu=380=0
i u223 i

which provesthecorollary [
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Thecorollaryimpliesthat

u2U

andhence

POV =G D™ A ( D*PW = & (i H*U" P
u2u u2uU

As aconsequencén two dimensionghe Lorenzopredictor
is alinear predictor andcanexactly reconstrucportionsof
thescalarfeldthatbehae asalinearfunction

F(xy) = ax+ by+ ¢

In R3, the samesimple Lorenzopredictorcan reconstruct
quadratidunctions:

F(xy,2) =
al + by’ + cZ + dxy+ exz+ fyz+ gx+ hy+ jz+ k

In R, the predictorextendsits reconstructiorpower to all
cubicpolynomialswhich arelinearcombinationof 35 pos-
sible monomialsof degreeof 3 or lessin 4 variables.Even
though the 15 valuesat neighboringgrid points that the
Lorenzopredictorusesdonotprovide enoughinformationto
computeall 35 coeEcientsof the polynomial,they uniquely
determindts valueatthecornerv.

TheLorenzopredictoris of highestpossibleorderamong
all predictorsthat estimatethe value of a scalarteld at one
cornerof acubefrom thevaluesattheothercornersin other
words, it is of optimal orderfor this setting,and no other
predictorcancorrectlyestimateall polynomialsof degreen
or higher

As ajustif£cation,considerthe monomialxxp ¢¢¢xn (the
productof all coordinates)The productis zeroon all ver
ticesof the unit cubeexceptfor one.So, a predictorwould
notbeableto differentiatehis monomialfrom thezeropoly-
nomial.Hencethevaluesof thescalafeldatthe2"; 1 cor
nersof an n-dimensionalcubeare not sufEcientto recover
thevalueof ann'" degreepolynomialatthe2nth corner

Notethatsimplerpredictorsexist thatcorrectlypredictall
polynomialsof degreem< n. For example,onemayusethe
nsampleghatpreceder onascanlineHowever, suchlower-
dimensionalanisotropicpredictorsare much less effective
sincethey fail to exploit datacoherencen all dimensions.
TheLorenzopredictoris thesimplestsotropicpredictorthat
canrecover correctlyall polynomialsof degreelessthann.

5. Scanlinecompressionalgorithm

Consider a 4D scalar data set organized in an array
F[xmaxymax zmaxtmax. Pseudocodfor thecompression
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algorithmis presentedbelon:

is the numberof samplesin the d" dimension,andk de-
notesthe greatestindex betweenl and n wherex, equals
i 1. The function LorenzoPedictor computeshe Lorenzo
predictorof dimensiond (the £rstparameterpt the coordi-

would be:
Lorenzd4;i 1;:::;i 1)

For exampleconsiderthe 2D caseof a3£ 3 matrix H, with
pointsfrom (0; 0) to (2; 2). Thetraceof thecompressiompro-
gramon theintegerlattice would be:

call encoded/alue

Lorenzd¢2;j 1;i 1)
Lorenzdl;; 1;0)

Lorenzd0; 0; 0) HI0; 0]

Lorenzq1;1;0)  H[1;0]; H[0;0]

Lorenzq1;2;0)  H[2;0]i H[L0]
Lorenzd2;i 1;1)

Lorenzq1;0;1)  H[0;1]i H[O;0]

Lorenzd2;1;1)
Lorenzd2;2;1)
Lorenzd2;i 1;2)
Lorenzd1;0;2)
Lorenzd2;1;2)
Lorenzd2;2;2)

H[L 1§ (H[L0]+ H[0;1]i H[0;0])
H[2,1]i (H[L;1]+ H[2,0]; H[1;0])

H[0;2]i H[0;1]
H[L2li (H[0;2]+ H[1;1]i H[O;1])
H[2,2]i (H[2,1]+ H[1;2]i H[1;1])

6. Footprint

Whenthedatasetis large, theremaynotbeenoughspaceo
holdit all in mainmemory Thus,boththe compressiorand
decompressioalgorithmsmay needto work from auxiliary
storageln its simplestform, compressiostimateshe next
value using a predictor thenreadsthe next value from the
raw datainput streamgencodeshedifference andwritesthe
differenceout to the output streamof compressedialues.
Similarly, decompressiorstimateghe next valueusingthe
samepredictor readsin the correctionfrom theinput stream
of compressedlata,decodest andaddsit to the estimated
value,andwrites the resultto the outputstreamof decom-
pressedialues.

Let the term footprint denotethe amountof main mem-
ory neededby the predictor(both during compressiorand
during decompression)The footprint usedby the Lorenzo
predictorfor compressingr decompressing datasetis the
sizeof asingle(nj 1)-dimensionalslice, asillustratedin
Fig. 3 for theR? caseandin Fig. 4 for the R® case.

Figure 3: Whencompessingan R? dataset,the next value
(grey squae) is predictedby usingvaluesfromthe footprint
(red). The other previously processed/alues(blue) are not
usedby the predictorand neednot be keptin memory

Figure 4: Whencompessingan R® dataset,the next value
(light cubein the center)is predictedby usingvaluesfrom
thefootprintslice (red). Theotherpreviouslyprocessedal-
ues(bottomin blue) are not usedby the predictorand need
notbekeptin memory

The footprint for compressinganddecompressing data
setof sizeD" is D" 1+ D" 2+ ¢o¢+ D+ 1. If all thedi-
mensiongdo not have the samelength, the size of the foot-
print depend®n thetraversalorder which could be chosen
to minimize the size. The footprint is implementedasa cir-
cularFIFO queue.

If the correctionsare compressedavith an adaptve arith-
meticencodermemoryto storethe probabilitytablesis also
neededThis spaces muchsmallerthanthewhole dataset,
andbecausef the predictors goodbehaior, ascanbeseen
in Fig. 6, only asubsebf all possiblecorrectionsneedto be
compressetly the arithmeticencoderAlthoughtheir range
is smallandcenteredaroundO, they accountfor morethan
99%of all correctionsTheremainingl% canbeencodedn
binaryform withoutimpacton compression.

7. Residualencodingand lossycompression

Whenlossycompressiolis acceptableye allow asmalldis-
crepang betweenthe compressediataandthe real datain
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Figure 5: L1 comparisonof the LorenzoPredictor (blue)
and SPIHT (pink), a 2D waveletimage compessor

orderto improve the compressiomatio. We have considered
two differenterror metrics:L1 (maximumerror) and L,
(rootmeansquareerror).

To guarante¢hatwe donotexceedaprescribed.1 error,
we quantizetheresidualdrom our predictorandreadjusthe
valuesatthescalarEeldto compensatéor ary possibleerror
accumulationThusthe error madeis at mostthe quantiza-
tion error Theadjustectorrectionsareencodedn alossless
fashion.

8. Experimental Results

In this section,we reportthe bene£tof usingthe Lorenzo
predictoras a preprocessorto an arithmetic encoder We

alsocomparesucha combinedapproachwith waveletcom-

pressionFinally, we demonstraté¢heimpactof the bene£ts
of datacoherencen a higherdimensionapredictor

We have testedour approachboth on syntheticandreal
data.Using syntheticdata,we populateda volume dataset
with functionsof higher degreethanthat of the predictor
For a 3D predictor whenappliedto a volumedataset£lled
with acubicfunction,thepredictormakesarelative errorbe-
tween3 and8% (measureakenfrom applyingthe predictor
to differentcubic functions),while a 4D predictoragainsta
volumeset£lled with aquarticmakesarelative errorof less
than1%. Both errorsaremeasuredh theL1 sense.

We have alsotestedbur predictorontwo real4D datasets.
After applyingthepredictorwe usetwo differentlosslesen-
codingmethodso write thecorrectiondo disk. The£rstone
is to feedthe correctiongo an adaptve arithmeticencoder
The secondone usesa contet arithmeticencoderlike the
onestudiedby Bell 7, usingtheactualpredictionasthe con-
text for the correction.The contet arithmeticencodegives
usa25%gainovertheadaptve arithmeticencoderWe study
the bene£tof using4D compressiomatherthana seriesof
3D compressedlices.All valuesarequantizedo onebyte.

Our £rstdataset,courtesyof ProfessolChris Shav from
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Figure 6: Histogramsfor the LLNL dataset.Top: Frequency
ofthe4D corrections(which range from0 to 1,000,000,000)
asa functionof their value rangingfrom-128to 127.Mid-
dle: Frequencyof the 3D correctionsfor a singletimeslice
Bottom:Rawvalues rangingfromO to 255.

GeogiaTech,is a3D modelof ahouseon £re,which shavs
how the £re, smole andpressurgrogresghroughtime and
space.This datasethasa high numberof zoneswherethe
scalarvaluesare uniform, and zonesthat exhibit high gra-
dients, which correspondo the moving front of the £re.
Becausethe high numberof 0 correctionsin the dataset,
bestresultsare obtainedwhen using a losslessRLE com-
pressionrmethod,which we appliedboth to the 3D and4D
residualsfor comparisonThe size of theuncompressedD
datasetis 43,202,39%ytes,anda raw compressiomeports
23,491,30dytes.Compressingach3D sliceindependently
we obtain1,076,58hytes(2.49%of thetotal),and524,768
bytes(1.21%o0f thetotal) using4D compressionDueto the
high coherencén all dimensionsthe 4D predictoroutper
forms the 3D compressiorappliedto individual slices by
50%.

Our secondtestdatasetwas producedn a auid mixing
simulationat LawrenceLivermoreNational Laboratory as
describedn 8. A volumerenderedmageof this datasetis
shavn in Fig. 1. During the beginning time stepsthe au-
ids arevirtually at restandthe datasetis relatively easyto
compressAs the auidsmix upin latertime stepsthe com-
pressiorratio decreases-or this dataset,we choseo usean
adaptve context arithmeticencodersa postprocessingtep
to the Lorenzoprediction.

The 3D time slice predictorproduceshe bestcompres-
sion on this dataset.3D predictorsfor 3D slicesin all the
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otherdirectionsarelesseffective. To explain this behaior,
considerthat this datasetwas originally computedat high
resolutionin time (27,000time stepswere simulated),but
then decimatedand quantizeddue to limited storage.The
ooatingpoint datawas quantizedto one byte andonly one
frame out of every hundredwas actually stored,although
no decimationwas appliedin the spatialdimensionsThis
subsamplingohasehassigni£cantlyreducedthe coherence
along the time axis. Our approachgives us 304,937,058
bytes using the 3D Lorenzo predictor on eachtime slice
(1.77bits persymbol)and318,871,62M®ytesusing4D pre-
diction (1.85bits persymbol).

Dataset 4D LorenzoPredictor CubicWavelets
Smooth64*  0.16Bits/Symbol  0.20Bits/Symbol
Rough64* 3.73Bits/Symbol  3.28Bits/Symbol
Rough128"  1.75Bits/Symbol  1.80Bits/Symbol

Table 1: Entropy of theresidualsproducedby waveletsand
the Lorenzopredictorfor a 4D dataset.No quantizationor
truncationof thedataor residualsvasdone

We have comparedhe Lorenzopredictorwith waveletsin
two scenariosln the£rstcasewe evaluatelosslessompres-
sion, wherewe comparecubic waveletswith the Lorenzo
predictorfor several 4D datasets.As canbe seenin Table
1, both wavelets and the Lorenzo predictor producecom-
parableresults,althoughthe waveletsperformslightly bet-
ter. Table 1 reportsthe entrogy of the correctionsof both
schemesln our secondscenariothe Lorenzopredictorwas
comparedo SPIHT?, anefEcientwaveletcoderthatuseshe
S+Ptransform,in termsof ratedistortionusinglossycom-
pressionFig. 5 shavs that the Lorenzopredictorperforms
betterin the L1 senseon this dataset. The compression
ratios of this examplewere computedby compressinghe
residualausinga contet arithmeticencodeffor the Lorenzo
predictor whereasSPIHT usedits hierarchicatreemethod.

9. Conclusion

The Lorenzopredictor introducedhere, predictsthe value
of ann-dimensionakcalarfeld F ata samplepoint v from

its 2" 1 previously processedeighborghatform the ver-

ticesof ann-dimensionahypercubeThepredictedvaluefor

F(v) is simply the weightedsum of all valuesof F at the
othercornersof the cube.Theweightsareeither+ 1 or 1,

dependingon the minimal numberof cubeedgesbetween
thesampleandv.

The Lorenzopredictoris exactfor all polynomialsof de-
greelessthann, andits accurag increasesvith the smooth-
nessof the data.Becausef thelimited sizeof its footprint,
the predictoris well suitedfor out-of-corestreamingcom-
pressioranddecompression.
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