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Abstract

Graph models for real-world complex networks such as the Internet, the WWW and bio-
logical networks are necessary for analytic and simulation-based studies of network protocols,
algorithms, engineering and evolution. To date, all available data for such networks suggest
heavy tailed statistics, most notably on the degrees of the underlying graphs. A practical way
to generate network topologies that meet the observed data is the following degree-driven ap-
proach: First predict the degrees of the graph by extrapolation from the available data, and
then construct a graph meeting the degree sequence and additional constraints, such as con-
nectivity and randomness. Within the networking community, this is currently accepted as the
most successful approach for modeling the inter-domain topology of the Internet.

In this paper we propose a Markov chain simulation approach for generating a random
connected graph with a given degree sequence. We introduce a novel heuristic to speed-up the
simulation of the Markov chain. We use metrics reminiscent of quality of service and congestion
to evaluate the output graphs. We report experiments on degree sequences corresponding to real
Internet topologies. All experimental results indicate that our method is efficient in practice,
and superior to a previously used heuristic.

'Research supported by NSF-ITR-0220343, and by a Georgia Tech Edenfield Faculty Fellowship.
2Email: christos@cc.gatech.edu.

3Email: mihail@cc.gatech.edu.

‘Email: ewzQcc.gatech.edu.



1 Introduction

There has been a recent surge of interest in complex real-world networks. These include the
WWW [26, 35, 6, 9, 14, 27, 28] where a node corresponds to a Web page and there is an edge
between two nodes if there is a hyperlink between the corresponding pages, the Internet at the
level of Autonomous Systems (a.k.a. inter-domain level) [18, 25, 32, 36, 10, 11, 38, 5] where a
node corresponds to a distinct routing administration domain (such as a University, a corporation,
or an ISP) and an edge represents direct exchange of traffic between the corresponding domains,
and biological networks [21] where, nodes correspond to genetic or metabolic building blocks (such
as genes and proteins) and edges represent direct interactions between these blocks. Obtaining
accurate graph models for such real-world networks is necessary for a variety of simulation-based
studies.

A very robust and persistent characteristics of complex networks, including the WWW, the
Internet and biological networks, is that, while the average degree is constant, there is no sharp
concentration around the average degree and there are several vertices with very large degrees. For-
mally, the degree sequence follows heavy tailed statistics in the following sense: (a)The ith largest
degree of the graph is proportional to ¢, with a approaching 1 from below, (b)The frequency
of the ith smallest degree of the graph is proportional to i~#, with B approaching 3 from below
(see [18] for detailed Internet measurements, see [6, 14, 27, 28] for WWW measurements). This is
a sharp departure from the Erdés-Rényi random graph model where the degrees are exponentially
distributed around the mean. Consequently, several papers have proposed plausible graph models,
based on the notion of “preferential attachment” [6, 8, 28, 4, 13] and on the notion of multiob-
jective optimi ation [17, 5] for explaining this phenomenon the former is efficient to simulate but
does not capture the primitives driving the evolution of the network, while the latter captures the
evolutionary primitives directly, but is much slower to implement. espite the elegant principles
of the above approaches, none of them predicts accurately all the observed measurements. In fact,
none of these approaches attempts to explain the heavy tailed statistics on the high-end and the
low-end of the degrees, (a) and (b) above, simultaneously, and there is further evidence that (a)
and (b) cannot be captured by a single evolutionary principle ([1] argues that a Pareto distribution
should result in 5 1 é, which is not the case for the observed numbers of the parameters «z and
B mentioned above). On the other hand, graph models for complex networks are often expected
to pass strict performance requirements. For example, the networking community uses such graph
models to simulate a wide range of network protocols [41, 18, 25, 31, 32, 36, 10, 11, 38, 5], and
hence the accuracy of the underlying topology model is considered very important.

Therefore, the following alternative degree-driven approach for generating network topology
models has been adopted. First predict the degrees of the graph to be generated by extrapolation
from available data, for example, according to (a) and (b) above, and then generate a graph that
satis es the target degree sequence, and additional constraints, the rst and most natural of which
is connectivity. It has also been observed that connected graphs that satisfy the degree sequence
and some further “randomness property” are good ts for real Internet topologies [38] (albeit,
“randomness property” is not quanti ed in [38]).

In the theory community the above degree-driven approach was rst formali ed in [3, 12] who
especially addressed the connectivity issue, by isolating ranges of the parameter S for which the



resulting random graph has a giant connected component. In particular, for target degree sequence

1 2 over vertices , 1 ¢ , [3] proposed to consider vertices by
expanding vertex  to  vertices, construct a random perfect matching of si e = 2 over the
vertices, and consider a graph on the initial vertices in the natural way: is connected to  if
and only if, in the random perfect matching, at least one of the  vertices that correspond to is
connected to one of the  vertices that correspond to . [3] further proposed to eliminate self loops
and parallel edges, and consider the largest component of the resulting graph. The advantages of
this approach are its implementational efficiency, and the guarantee of uniform sampling. owever,
the approach also has two drawbacks: It does not produce a graph that matches the degree sequence
exactly, and, for the critical range 2 3 3, the method gives small components of si e (log )
(while, for example, for 2 the small components would be of constant si e). There is no known
performance guarantee concerning how accurately the method of [3] approximates the target degree
sequence.

In the networking community the same degree-driven approach is typi ed by the Inet topology
generator [25], which is currently the method of choice. The implementation of Inet uses the
following heuristic: It rst predicts a degree sequence by using o~ ! for the highest 1 of the
degrees, and frequency of the 7th smallest degree proportional to i ~? for the remaining 99  vertices.
It then constructs a connected graph that meets a predicted degree sequence by placing a spanning
tree to guarantee connectivity, and tries to match the remaining degrees “as much as possible”
using a preferential connectivity heuristic. Again, there is no known performance guarantee on
how well the method of [25] approximate the target degree sequence, or to what extend their graph
approximates a graph sampled uniformly at random from the target degree sequence.

In this paper we propose a arkov chain simulation approach for generating a random connected
graph with a given degree sequence. In Section 2 we review the necessary graph theory to obtain
an initial connected reali ation of the degree sequence. We point out that the underlying theory
allows great exibility in the produced output. In Section 3 we point out a  arkov chain on the
state space of all connected reali ations of the target degree sequence. We note that, even though
similar arkov chains were considered before without the connectivity requirement, the additional
connectivity requirement needs a non-trivial theorem of [39] to result in a connected state space.
This arkov chain requires a connectivity test in every simulation step. In Section 4 we introduce
a novel speed-up of the arkov chain which saves greatly on connectivity tests. For example, we
can simulate 1  steps of the speed-up process in the same time as a few thousand steps of the
original process. Section 5 contains experimental results. We use metrics reminiscent of quality of
service and congestion to evaluate the output graphs. We report experiments on degree sequences
corresponding to real Internet topologies. All experimental results indicate that our method is
efficient in practice, and superior to a previously used heuristic.

r o in Initi 1 tion rd i ondition nd t
i1 orit

In this Section we address the problem of constructing a connected graph that satis es a given
target degree sequence, if such a graph exists. We point out that such constructions follow from



classical graph theory, and that they allow substantial exibility in the generated output graph.
We will use these constructions as initial states of the arkov chains of Sections 3 and 4. (In
addition, these fundamental theoretical primitives can replace all ad-hoc heuristics of the current
implementation of Inet[25]).

et  denote the number of nodes of the graph we wish to generate. et 1 ¢ denote

the nodes and 1 2 denote the intended degrees of these nodes. We would like a

simple, undirected, connected graph meeting the above degree sequence. A sequence of degrees

1 2 is called reali able if and only if there exists a simple graph whose nodes have

precisely this sequence of degrees. A straightforward necessary condition for a degree sequence to

be reali able is that for each subset of the highest degree nodes, the degrees of these nodes can
be “absorbed” within the nodes and the outside degrees. Stated formally, for 1 1:

(1 min (1)
1 1

A necessary condition for the reali ation to be connected is that the graph contains a spanning
tree, which means that:

2( 1) (2)
1

The Erdos-Gallai theorem states that these necessary conditions are also sufficient [7, 16]. The proof
is inductive and provides the following construction, known as the avel- akimi algorithm [19, 20].
The algorithm is iterative and maintains the residual degrees of vertices. In each iteration, it picks
an arbitrary vertex and adds edges from to  vertices of highest residual degree, where  is
the residual degree of . The residual degrees of the latter  vertices are updated appropriately.
The signi cance of connecting with  highest degree vertices is that it ensures that condition (1)
holds for the residual problem instance.

For example, the algorithm can start by connecting the highest degree vertex 1 with ; other
high degree vertices and obtain a residual degree sequence by reducing the degrees of these vertices
by one, and repeat the same process until all degrees are satis ed (otherwise output “not reali -
able”). Alternatively, the algorithm can connect the lowest degree vertex with (resp. or a
randomly chosen vertex ) with the  (resp. ) highest degree vertices, reduce their degrees and
proceed as above.

Clearly the above algorithm runs in iterations, each iteration invoking the degree of a vertex
(and some book-keeping for maintaining residual degrees in sorted order). Thus the running time
is very efficient, both in theory and in practice. In addition, since the sequence in which it picks
vertices can be chosen, it provides the exibility alluded to above. For example, when we start
with higher degree vertices we get topologies that have very “dense cores”, while when we start
with low degree vertices we get topologies that have very “sparse cores”.

The Erdos-Gallai condition allows or urther e ibility, at the cost o additional tests or condition , and
repeated e orts until condition is satisfied. In particular, the ertices can be chosen according to any criterion,
pro ided that, a ter each iteration, we ensure that condition is satisfied by the residual graph this part was
automatic in case ma imum degree ertices are chosen . I not, the choice o the ertices needs to be repeated.
This obser ation indicates se eral ways in which the implementationo 2 can beimpro ed, howe er, we shall re rain
rom such discussions since this is not the main ocus o this paper.



ext, let us deal with the second requirement of obtaining a connected topology. If the graph
constructed as described turns out to be unconnected, then one of the connected components must
contain a cycle. et () be any edge in a cycle and let () be an edge in a di erent connected
component. Clearly, the graph does not have edges between the pairs and .y removing
theedges () and (), and inserting the edges () and (), we merge these two components.
ote that the resulting graph still satis es the given degree sequence. Proceeding in this manner,
we can get a connected topology.

r o inon onnctd r it r cri d r
u nc

We now turn to the question of generating a ran om instance from the space of all possible connected
graphs that reali e a target degree sequence. In experiment, it has been observed that “random”
such instances are good ts for several characteristics of complex network topologies [3, 38] (albeit,
all these experiments fall short of guaranteeing that the generated instances are either “correct”
connected reali ations of the target degree sequence).

For any sequence of integers that has a connected reali ation, consider the following arkov
chain. et  be the graph at time . With probability 0 5, 1 willbe  (this is a standard trick
to avoid periodicities). With probability 0 5, 1 is determined by the following experiment. Pick
two edges at random, say () and ( ) with distinct endpoints. If () and () are not edges
then consider a graph by removing the edges () and () and inserting the edges () and
(). Observe that  still satis es the given degree sequence. We further have to check whether

is a connected graph. If it is connected then we perform the switching operation and let 1
be . Otherwise we do not perform the switching operation and 1 remains . It follows from
a theorem of Taylor [7, 39] that, using the above switching operation, any connecte gra h can be
transformed to any other connecte gra h satisfying the same egree se uence (we note that the
proof of Taylor s theorem is somewhat more involved than the corresponding fact for reali ations
without the connectivity constraint the latter fact is straightforward). It now follows from standard

arkov chain theory [33, 37] that this arkov chain converges to a unique stationary distribution
which is the uniform distribution over the state space of all connected reali ations. This is because,
by de nition, all transitions have the same probability. Thus, in the limit, the above arkov chain
will generate a random graph with the given degree sequence.

What is the mixing rate Similar questions have been considered elsewhere [37, 22, 23, 24]
without the connectivity requirement. In particular, it is known that uniform generation of a

simple graph with a given degree sequence d 1 2 reduces to uniform generation
of a perfect matching of the following graph [29]: Foreach 1 ¢ contains a complete
bipartite graph ( ), where 1 and 1 . The vertices of are
labeled so that there is a label for each 1 other than ¢ let us denote these labels by

1 A 1 . In addition, for each 1 % with 1, has an edge
between and . ow each perfect matching of gives rise to a unique reali ation of
d in the natural way:  has a link between and if and only if  contains the edge between

and . Similarly, each reali ation of d is associated with (1 ) perfect matchings



of . It is known that a random perfect matching , and hence a random reali ation , can
be generated in time polynomial in , only when d corresponds to a regular or near reqular graph,
or when d corresponds to a bi artite graph. This does not include the case of arbitrary power-law
graphs, and hence that theory does not apply. Indeed, generating a random graph that meets an
arbitrary degree sequence d is a major open problem, at least since the original paper of errum
and Sinclair on approximating permanents [22].

In addition, we note here that the problem of rapid mixing of connecte reali ations is strictly
harder than that of arbitrary reali ations without the connectivity requirement, as indicated by the
following reduction: For a degree sequence d 1 2 , introduce an additional vertex
with degree , thus forcing any reali ation of the new sequence to have the new vertex connected
to every other vertex, and hence it is connected and the reali ations are one-to-one.

We thus have to devise efficient heuristics to estimate the mixing rate of the arkov chain. We
have used the following heuristic to decide if a particular run of the arkov chain has converged
sufficiently: Consider one or more quantities of interest, and measure these quantities every
steps. For example, one such quantity could be the diameter. In Section 5 we will consider further
quantities that are related to quality of service (and use average shortest path from a node to every
other node as an indicator) and network congestion (and use number of shortest paths through a
node, or link, as an indicator). We may use the criterion of the quantities having converged as
an indication of convergence of the arkov chain. owever, the quantities under consideration
may not converge, even under uniform sampling. For example, the diameter appears to deviate
substantially from its mean, in the sense that the variance appears large. Therefore, a better
heuristic is to estimate (this method of sample averages has been rst considered in [2]). In
addition, we will consider two (or more) separate runs of the arkov chain, where the initial points
of each run are qualitatively di erent. For example, we may consider a “dense core” and a “sparse
core” starting point, as mentioned in Section 2. ow, we may consider the case where the sample
averages converge to the same number for the two separate runs of the arkov chain.

d ot r o in i u tion

otice that the main bottleneck in the implementation of the arkov chain of Section 3 is the
connectivity test that needs to be repeated in every step. This connectivity test takes linear time,
for example, using FS. On the other hand, all other operations, namely picking two random edges
and performing the swap take time (log ) (log for the random choice, and constant time for
the swap).

In this Section we describe a process which maintains convergence to uniform distribution over
all connected reali ations, but, in practice, performs much fewer connectivity tests. In particular,
we consider the following process. Initially we have a connected reali ation of the target degree
sequence, as mentioned in Sections 2 and 3. et us call this . We will be also maintaining
a win ow . This will be an estimate of how many steps of the arkov chain we can simulate
without a connectivity test, and still have a reasonable probability of having a connected reali ation

after  steps (however we do not require that every intermediate step between and is
connected). Initially the window is 1. The algorithm proceeds in stages, each stage consisting



of  simulation steps without a connectivity test. In general, if after  simulation steps we ended
in a connected reali ation, then we will accept this reali ation as the next state and we will increase
the window for the next stage by one: 1. If after simulation steps we ended in a
non connected reali ation, then we will return to the connected reali ation of the beginning of the
current stage and we will decrease the window of the next stage to half its current si e: 2
(this heuristic was inspired by the linear increase, multiplicative decrease of the TCP protocol). In
this way, we hope to result in much fewer connectivity tests.

otice that the above process is not strictly a arkov chain. In fact, we need to argue that its
stationary distribution remains the uniform distribution over the set of all connected reali ations.
To see this, reali e that the above process can be partition in stages 1 o , where
contains the transition from initial state at the beginning of stage to mnal state at the end of
stage , for the window si e during stage . ow notice that, for this stage, is xed, and
the process is a arkov chain on the state space of connected reali ations. In addition, the
process is symmetric, in the sense that the probability of ending at state given that we
started at state is the same as the probability of ending at state  given that we started at
state . This follows from the symmetry of the initial arkov chain, which holds with or without
connectivity tests (all transitions, with or without connectivity tests, have the same probability).
We may now invoke the well known fact that aperiodic symmetric arkov chains converge to the
uniform distribution [33, 37], and conclude that each one of the processes  has a unique stationary
distribution, which is uniform. Therefore, their synthesis 1 o , also converges to the
uniform distribution.
We will use the term fast arkov chain, or arkov chain s ee wu , to refer to the process with
the sliding window (as we said, strictly speaking, this is not a arkov chain, but a synthesis of
arkov chains).

u tion

In this Section we evaluate the efficiency of the arkov chain in Section 3 with the speed-up
proposed in Section 4. Our main application focus is the case of Internet topologies at the level
of Autonomous Systems. We use data made available by the ational aboratory of Applied

etworking Research[34] as well as Traceroute at Oregon[30]. These involve sparse power-law
graphs (average degree is less than 3), whose si e (number of nodes) has gown from 3 in ovember
1997 (when the data collection started), to approximately 14 , today. The maximum si e of these
graphs, under the current numbering, will be 64

The main results are as follows:

(1) We observe that, all quantities related to (a)shortest paths from a node to every other node
and (b)number of shortest paths through a node converge is less than 2  steps of the speed-up
chain. The corresponding running time is less than 1 secs on a Pentium III.

(2) The convergence of the arkov chain without the speed-up, for the same running time, is
substantially weaker. Thus the speed-up indeed resulted in improvement.

(3) The convergence time appears to scale slowly with the si e of the topology, which is encouraging
when larger topologies will need to be generated.



(4) The results of the real Internet, the method of the random matching [3] discussed in the

Introduction, and the arkov chain, do not coincide in all parameters. This indicates that no

model captures the real Internet in full accuracy, and so all models are plausible candidates. In

particular, the arkov chain method has the advantage over the method of [3] that it achieves the

exact target degree sequence (we will see that the degree sequence of [3] can di er from the target

sequence substantially in the large degrees), while the method of [3] has the advantage over the
arkov chain method that it samples from a provably uniform distribution.

(5) The arkov chain method has the following additional advantage. If we start from an extreme
initial point, like a dense or sparse topology, we can measure the parameters of interest at inter-
mediate simulation points, and see how these parameters converge. Such simulations can be useful
in stress tests of protocols.

ore speci cally, we have measured the following quantities:

(1) For each node , the average ath from is the average of the shortest path from to every
other node. In the networking context, this is an indication of the quality of service perceived by

. We will consider the quantities mean average ath, when the mean is taken over all the nodes,
as well as the variance and ma imum of the average path.

(2) For each node , the ma imum ath from is the maximum length shortest path from to every
other node. In the networking context, this is an indication of the worst case quality of service
perceived by . Again, we will consider the mean and ma imum over all nodes of the graph. otice
that the ma imum ma imum ath is the diameter.

(3) For each link , the link loa of is the number of shortest paths through , when 2 shortest
paths from each node to every other node have been considered (we break ties at random). We
normali e by dividing with 2. In the networking context, this is an indication of the congestion
of the link. We will consider the mean, variance, and ma of the link load, over all links of the
network.

In Tables 1 and 2 we indicate the convergence of the speed-up arkov chain for the degree
sequence of Internet inter-domain topology on une 2002. Table 1 corresponds to a dense initial
topology, and Table 2 corresponds to a sparse initial topology. The last column correspond to a

arkov chain without the speed-up for the same number of connectivity tests (thus approximately
the same running time). We may observe, both the convergence of the speed-up arkov chain, as
well as the weaker behavior of the slow arkov chain: For example, look at the ax Average Path
and the ax ax Path (diameter) of the slow arkov chain. We have repeated these experiments
10 times, and the results are almost identical.

In Table 3 we compare the output of the arkov chain method to those of the power-law random

graph (P RG) method of [3], and to the results of the real Internet topology. It is clear that the

arkov chain is a better t. In addition, in experiment, we have found that the P RG method of
[3] produces graphs whose highest degrees deviate substantially from the real Internet topology.

In Tables 4 and 5 we indicate how the converge time, as the topology scaled, from approximately
3 nodes to approximately 14 nodes. We consider the two metrics of average path and normali ed
average link load. We should note that the number of steps indicated is the minimum number of
steps that we needed to take in order for the metrics under consideration to converge accurately.
The rst thing to notice is the robustness of the method. We have actually performed further



roperty Initial Fast Fast Fast Slow
0. steps steps | 2 steps
ean  erage ath 3. 20 3.42 3.42 3.42 2 3.4
ariance  erage ath 0. 23 0.2 0.2 0.2 4 0.3044
a erage ath 200. 0 .32 0 .0 43 3
ean a ath 20 .03 . 34 .2 . 43
ariance a  ath 20 0.40 0.40 0 0.3 04 4
a a ath diameter 23 2 2. 2.3
ean in oad 4, 4e-4 .2 e4d .20e-4 .20e-4 .22e-4
ariance in  oad .20e- 3. e 3. e 3. e- 2. Qe-
a in oad e-2 4 e-2 . 3e-2 e-2 4 e-2
onnecti ity Tests 4,2 2, , 3 2,
Running time sec 222. 434. 4
Table 1:
roperty Initial Fast Fast Fast Slow
0.2 steps | 0. steps steps
ean  erage ath 4. 3.42 342 0 3.42 2 3.2 2
ariance  erage ath 0. 023 0.2 02 0.2 2 0.
a erage ath 0. 00 .00 3 .0 .20 4
ean a ath 0. 3 .030 .04 24 0 .
ariance a ath 300 040 0.4 4 0.40 3 0.33
a a ath diameter 4 2 2 2.3 0
ean in oad . 4e-4 2 e4 2 e4 .2 e-4 . e4d
ariance in  oad 44e- 3.2 e- 3.2 e- 3.2 e- 2. e-
a in oad e-2 e-2 . de-2 e-2 4. Oe-2
onnecti ity Tests 4, 2,224 2,3 2,224
Running time sec 4. 2 0. 3 4 .20
Table 2:

simulations on parts of the network (such as Europe, or orth America), and on projected degree
sequences for the network in the next 5 years (as given by the Inet topology generator[25], and we
have found qualitatively similar results. The second important thing to notice is that the scaling
of the convergence time from the 3 node topology to the 13 node topology is very mild. We

nd this an encouraging evidence, that the convergence times will be reasonably efficient, as the
topologies scale further.

urt r ir ction

A very challenging open problem in this area is the following: In addition to a target degree
sequence, we may consider an underlying metric of distances. (In reality, these would be geographic
distances for which data is available). We would then want to construct a minimum cost connected
reali ation of the degree sequence. Even without the connectivity requirement, for a degree sequence
on nodes, this would be a mincost perfect matching problem on ( 2) nodes (along the reduction



ense Sparse
roperty Initial Final Initial Final | Internet RG
ath mean 3. 20 | 3.42 4. 3.433 3.3 3. 3
ath ar 0. 23| 0.2 0. 0.2 3 0.3 04 3
ath ma 200. 0 2 0. 00 .3023 . 00 0.2
oad mean 4. de-4 .2 e4 e-4 2 e4 2 e4 . de-4
oad ar .20e- 3. e 44e- 3.30e- 2. de- 2 e-
oad ma e-2 e-2 e-2 e-2 2 e-2 . de-2
Table 3:
ense Sparse
Graph | Nodes in s | Internet RG | Initial Steps Final | Initial Steps Final
30 3. 3. 02| 4.04 000000 | 3. 44 2 000000 | 3. 04
3 22 3.3 3. 00 4.0 32 00000 | 3. 33 .3 40 00000 | 3. 4
03 04 3. 4 3.40 0 4 00000 | 3. 2 0 . 23 00000 | 3. 3 3
2000 0 3 3. 4 3. 020 . 000 00000 | 3.4 .02 300000 | 34 4
200 0 22 2 3.30 | 3. 422 0 2 00000 | 3.4 0 | 4. 00000 | 34
2002 3 2 04 3.3 3. 3 00000 | 3.42 4. 0 000000 | 3.42 2
Table 4:
ense Sparse
Graph || Nodes in s | Internet RG | Initial Steps Final | Initial Steps Final
30 e-4 . 2e-4 .0 e- 000000 . 2e-2 .00e-3 000000 . 3e-2
3 22 . 2e-4 . e4 .oe2 00000 .oe2 .0 e4 00000 .oe2
03 04 3. e4d | 4. 4e4 . 2e-2 00000 | 3. e2 | 3. e4 00000 | 3. e-2
2000 0 3 2.42e-4 | 2. e4 . Oe-2 00000 | 2.30e-2 | 3. 4e-4 300000 | 2.32e-2
200 0 22 2 . ed . e4 .23e-2 00000 .oe-2 e- 00000 .oe2
2002 3 2 04 2 e4 . 4e-4 | 4. 4e-4 | 000000 2 e4 e-4 | 000000 2 e4
Table 5:
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of Section 3). For equal to several tens of thousands, all known exact mincost perfect matching
algorithms are inefficient. Is there an efficient approximation [40]
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