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1. INTRODUCTION

Internet seard engine companies,suc as Google, Yahoo and MSN, have revolu-
tionized not only the useof the Internet by individuals but alsothe way businesses
advertise to consumers. Typical seart engine queriesare short and reveal a great
deal of information about user preferences. This gives seard engine companiesa
unique opportunity to display highly targeted adsto the user.

The online advertising medanisms used by seart engines,including Google's
AdWords, are essetially large auctions where businessesplace bids for individ-
ual keywords, together with limits specifying their maximum daily budget. The
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seard engine compary earnsrevenue when it displays their adsin responseto a
relevant seard query (if the user actually clicks on the ad). Indeed, most of the
revenues of seart engine companiesare derived in this manner [Battelle 2005].
One factor in their dramatic successs that, unlike convertional advertising, seart
engine companiesare able to cater to low budget advertisers (who occupy the fat
tail of the power law distribution governing advertising budgets of companiesand
organizations).

The following computational problem, which we call the adwords problem, is a
formalization of a question posedto us by Henzinger[Henzinger 2004]: There are
N bidders, each with a speci ed daily budget bi. Q is a set of query words. Each
bidder i speci es a bid ¢ for query word g2 Q. A sequencetp:::0v Of query
words ¢ 2 Q arrive online during the day, and ead query g must be assignedto
somebidder i (for areverue of ciq; ). The objectiveis to maximize the total reverue
at the end of the day while respecting the daily budgets of the bidders.

In this paper, we preser a deterministic algorithm achieving a competitiv e ratio
of 1 1=e for this problem, under the assumption that bids are small compared
to budgets. The algorithm is simple and time excient. In Section 7 we shaw that
no randomized algorithm can achieve a better competitiv e ratio, even under this
assumption of small bids.

In Section 6 we shov how our algorithm and analysis can be generalizedto
the following more realistic situations while still maintaining the samecompetitiv e
ratio:

|A  bidder pays only if the user clicks on his ad.
|Adv ertisers have di®erent daily budgets.

[Instead of charging a bidder his actual bid, the seart engine compary charges
him the next highest bid.

[Multiple  ads can appear with the results of a query.
|Adv ertisers enter at di®ereri times.

In practice there is additional statistical information available about seart queries,
and in Section 8 we discusshow to incorporate this additional information into our
algorithm.

1.1 Online Bipartite Matching Algorithms

The adwords problem is clearly a generalization of the online bipartite matching
problem: the special casewhere eat advertiser makes unit bids and has a unit
daily budget s preciselythe online matching problem. Evenin this special case,the
greedy algorithm achievesa competitiv e ratio of 1=2. The algorithm that allocates
ead query to a random interested advertiser doesnot do much better { it achieves
a competitiv e ratio of 1=2+ O(log n=n).

In [Karp et al. 1990],Karp, Vazirani and Vazirani gave a randomized algorithm
for the online matching problem achieving a competitiv e ratio of 1 1=e Their
algorithm, called RANKING, xes arandom permutation of the biddersin advance
and breaksties accordingto their ranking in this permutation. They further showved
that no randomized online algorithm can achieve a better competitiv e ratio.
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In another direction, Kalyanasundaramand Pruhs [Kalyanasundaramand Pruhs
2000]consideredthe online b-matching problem which can be described asa special
caseof the adwords problem as follows: ead advertiser has a daily budget of b
dollars, but makes only 0/1 dollar bids on ead query. Their online algorithm,
called BALANCE, awards the query to that interested advertiser who has the
highest unspent budget. They show that the competitiv e ratio of this algorithm
tendsto 1; 1=easbtendsto innit y. They also prove a lower bound of 1| 1=e
for deterministic algorithms.

1.2 Our Algarithm and AnalysisTechnique

It is easyto seethat an algorithm that greedily assignsead query to the highest
bidder achieves a competitiv e ratio of at most 1=2. Key to designing an optimal
online algorithm is "nding the correct tradeo® between the bid and (fraction of)
unspent budget. The tradeo® function usedin our algorithm, which we derive by
a novel LP-based approad, is the following:

Ax)=1; it

The resulting algorithm is very simple:

Algorithm:  Allo cate the next query to the bidder i maximizing the product of
his bid and A(T(i)), where T(i) is the fraction of the bidder's budget which has
beenspent sofar, i.e., T(i) = % wherely is the total budget of bidder i, m; is the
amount of money spent by bidder i when the query arrives.

The algorithm assumesghat the daily budget of advertisersis large comparedto
their bids.

We now outline how we derive the correct tradeo®function. For this weintroduce
the notion of a tradeo®-revealing family of LP's. This conceptbuilds on the notion
of a factor-revaling LP [Jain et al. 2003]. We start by writing a factor-revealing
LP to analyzethe performancein the special casewhen all bids are equal. This
provides a simpler proof of the Kalyanasundaramand Pruhs [Kalyanasundaram
and Pruhs 2000]result.

We give an LP, L, whose constraints (upper bounding the number of bidders
spending small fractions of their budgets) are satis ed at the end of a run of BAL-
ANCE on any instance ¥a(sequenceof queries)of the equal bids case. The objective
function of L givesthe performanceof BALANCE on ¥ Hencethe optimal objec-
tive function value of L is a lower bound on the competitiv e ratio of BALANCE.
How good is this lower bound? Clearly, this dependson the constraints we have
captured in L. It turns out that the bound computed by our LP is 1§ 1=ewhich
is tight. Indeed, for somefairly sophisticated algorithms, e.g., [Jain et al. 2003;
Bansal et al. 2004], a factor-revealing LP is the only way known of deriving a tight
analysis.

Dealing with arbitrary bids is considerablymore challenging, sincewe don't know
how to write meaningful constraints re°ecting the allocation of queriesto bidderson
anarbitrary instance% The approacd we useis rather counterintuitiv e. We proceed
by xing a monotonically decreasingtradeo®function A, aswell asthe sequenceof
queries¥; and write a new LP L (¥ A) for the algorithm using tradeo® function A
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run on instance¥s Of course,oncewe specify the algorithm aswell asthe sequence
of queries, the actual allocation of queriesto bidders is completely determined.

L(¥A) is identical to the factor revealing LP L except that the right hand side
of eadh inequality is replaced by the actual value attained for this constraint in

this run of the algorithm. How could theseLP's L(%A) | whoseinequalities are

just relaxed tautologies with unknown right hand sides| possibly provide any

non-trivial insight? It turns out that the family of LP's does capture someof the

structure of the problem which is revealedby consideringthe family of dual linear

programs D (5 A).

Notice that L(%A) di®ersfrom L only in that a vector ¢( % A) is addedto the
right hand side of the constraints. Therefore, the dual programsD (% A) di®erfrom
the dual D of L only in the objective function, which is changedby ¢( % A) ¢y,
wherey is the vector of dual variables. Hencethe dual polytope for all LP's in the
family is the sameasthat for D. Moreover, we shav that D and ead LP in the
family D (¥4 A) attains its optimal value at the samevertex, y°, of the dual polytope
(by showing that the complemernary sladknessconditions are satis ed). Finally, we
show how to usey® to de ne A in a speci ¢ mannersothat ¢( % A)¢y® - 0 for eath
instance ¥ (obsene that this function A doesnot depend on ¥zand henceit works
for all instances). This function is precisely the function usedin the algorithm.
This ensuresthat the performanceof our algorithm on ead instance matchesthat
of BALANCE on unit bid instancesand is at least1i 1=e

We call this ensenble L(¥%A) a tradeo® revailing family of LP's. Once the
competitiv e ratio of the algorithm for the unit bid caseis determined via a factor-
revealing LP, this family helps us 'nd a tradeo® function that ensuresthe same
competitiv e ratio for the arbitrary bids case.

1.3 SubsequenDevelopments

Over the last two years, since the conferenceversion of this paper appeared in
2005 [Mehta et al. 2005], the sponsored searth market has been the subject of
considerablestudy, both algorithmic and gametheoretic. In what follows, we will
give brief descriptions of someof the more related or signi cant works. For a more
detailed exposition of theseresults, we refer the readerto [Lahaie et al. ].

The online allo cation problem: Buchbinder et al. [Buchbinder et al. ] give a
simple primal-dual algorithm and analysis for the adwords problem achieving the
samecompetitiv e ratio asours.

Mahdian et al. [Mahdian et al. 2007]study the adwords problem whenthe seart
engine has a somewhatreliable estimate of the number of userssearding for eath
keyword. They proposeand analyzean algorithm that takesadvantage of the given
estimatesof the frequenciesof keywords to compute a near-optimal solution when
the estimates are accurate, while at the sametime maintaining a good worst-case
competitiv e ratio in casethe estimatesare totally incorrect.

Goel and Mehta [Goel and Mehta 2007]analyze the performance of the greedy
algorithm (which assignsead query to the highest bidder) in a distributional in-
put model with queries arriving in a random permutation. They prove a tight
competitive ratio of 1 1=e

Static models for ranking auctions: A large number of papersin this area
study the auctions usedby seard enginesfor ranking the advertisemerts in a page.
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Thesemodels usually ignore the repeated nature of theseauctions and focuson the
equilibrium of a single auction.

[Edelman et al. 2005; Varian 2006] investigate the equilibrium of generalized
second-priceauction (GSP), the charging scheme used by many seart engines.
Although GSP looks similar to the Vickrey-Clarke-Groves (VCG) medanism, it
generally does not have an equilibrium in dominant strategies, and truth-telling is
not an equilibrium of GSP. [Edelman et al. 2005] describe the generalizedEnglish
auction that corresponds to the GSP and shaw that it has a unique equilibrium,
with the samepayo®sto all players asthe dominant strategy equilibrium of VCG.

The interested reader should also consult Crawford and Knoer [Crawford and
Knoerr 1981]and Demange,Gale, and Sotomayor [Demangeet al. 1986] (which is
a variant of the Hungarian algorithm for solving the assignmen problem). Fur-
thermore, the explicit form of incertive compatible payments for ranking auctions
is carried out in [Aggarwal et al. 2006;lyengar and Kumar 2006].

Clic k-fraud and cost-p er-acquisition auctions: Another important issuein
the corntext of online advertising is click-fraud | fraudulent clicks generated to
deplete a competitors' budget. Immorlica et al. [Immorlica et al. 2005]study this
problem and presen a click-fraud resistart method for learning the click-through
rate of advertisemerts [Immorlica et al. 2005].

Another solution for addressingthe above problem is to use a Cost-Per-Action
or Cost-Per-Acquisition (CPA) charging schemein which instead of paying for the
click, the advertiser pays only when the usertakesa speci ¢ action or completesa
transaction. For a gametheoretic analysis of these auctions see[Nazerzadehet al.
2007;Gonen and Pavlov 2007].

Disp ensing with auctions: In a di®erer direction, [Vazirani 2006] considers
the scenariowhere keywords are sold at xed pricesrather than through auctions.
They designa suitable utilit y function via which advertisers can expresstheir pref-
erences,and a polynomial time algorithm for computing equilibrium prices.

2. PROBLEMDEFINITION

The adwords problem is the following: There are N bidders, each with a speci ed
daily budget b. Q is a set of query words. Each bidder i speci es a bid ciq for
query word g 2 Q. A sequencegitp:::gu Of query words ¢ 2 Q arrive online
during the day, and ead query ¢ must be assignedto somebidder i (for a reverue
of ¢g; ). The objective is to maximize the total revenue at the end of the day while
respecting the daily budgets of the bidders.

Throughout this paper we will make the assumptionthat ead bid is small com-
pared to the corresponding budget, i.e., max; ¢; is small comparedto b, for all
i. For the applications of this problem mentioned in the Introduction, this is a
reasonableassumption.

An online algorithm is said to be ®competitiv e if for every instance, the ratio of
the revenue of the online algorithm to the revernue of the best o®-line algorithm is
at least ®.

While presering the algorithm and the proofs, we will make the simplifying
assumptionsthat the budgets of all bidders are equal (assumedunit) and that the
best 02ine algorithm exhauststhe budget of eat bidder. These assumptionswill
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be relaxedin Section 6.

3. A DISCRETIZEDVERSIONOF THE ALGORITHM

Let us rst consider a greedy algorithm that maximizes revenue accrued at eadh
step. It is easyto seethat this algorithm achieves a competitiv e ratio of % (see,
e.g.,[Lehmanet al. 2001]); moreover, this is tight asshown by the following example
with only two bidders and two query words: Supposeboth bidders have unit budget.
The two bidders bid ¢ and c+ 2 respectively on query word g, and they bid 0 and
c on query word . The query sequenceconsists of a number of occurrencesof
q followed by a number of occurrencesof q>. The query words g are awarded to
bidder 2, and are just enoughin number to exhaust his budget. When query words
o arrive, bidder 2's budget is exhaustedand bidder 1 is not interestedin this query
word, and they accrueno further revenue.

Our algorithm recti es this situation by taking into consideration not only the
bids but also the unspent budget of ead bidder. For the analysisit is corveniert
to discretize the budgets as follows: we pick a large integer k, and discretize the
budget of eadh bidder into k equal parts (called slabg numbered 1 through k. Each
bidder spendsmoneyin slabj beforemoving to slabj + 1.

De nition: At any time during the run of the algorithm, we will denote by
slab(i) the currently active slab for bidder i.

Let A :[1:::k]! R™ bethe following (monotonically decreasing)function:

Ac(i)y=1j & (1)
Note that A, ! Aask! 1.

Discrete Version of the Algorithm

When a new query arrives, let the bid of bidder i be c(i). Allocate the
query to the bidder i who maximizesc(i) £ A (slab(i)).

Note that in the special casewhen all the bids are equal, our algorithm works in
the sameway asthe BALANCE algorithm of [Kalyanasundaramand Pruhs 2000],
for any monotonically decreasingtradeo® function.

4. ANALYZING BALANCE USINGA FACTOR-REVEALINGLP

In this sectionwe analyzethe performanceof our algorithm in the special casewhen
all bids are equal. This is exactly the algorithm BALANCE of [Kalyanasundaram
and Pruhs 2000]. We give a simpler analysis of this algorithm using the notion of a
factor-revealing LP. This technique was implicit in [McElieseet al. 1977; Goemans
and Kleinberg 1998; Mahdian et al. 2001]and was formalized and made explicit in
[Jain et al. 2002; Jain et al. 2003]. We will seehow to extend the analysisto the
generalcasein Section 5. For another simple proof for BALANCE see[Azar and
Litic hevskey 2006].

We will assumefor simplicity that in the optimum solution, ead of the N players
spendshis entire budget, and thus the total revenueis N (the proof is similar even
without this assumption, and we provide it in Section 6). Recall that BALANCE
awards ead query to the interested bidder who hasthe maximum unspent budget.
We wish to lower bound the total revenue achieved by BALANCE. Let us de ne
the type of a bidder accordingto the fraction of budget spent by that bidder at the
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end of the algorithm BALANCE: sa& that the bidder is of typej if the fraction of
his budget spent at the end of the algorithm lies in the range ((j i 1)=k;j=k]. By
corvertion a bidder who spendsnone of his budget is assignedtype 1.

Clearly bidders of typej for small valuesof j cortribute little to the total rev-
enue. The factor revealing LP for the performance of the algorithm BALANCE
will proceedby bounding the number of such bidders of typej.

Lemma 4.1. If OPT assignsquery q to a bidder B of typej - ki 1, then
BALANCE pays for q from someslabi suchthati - j.

The lemma follows immediately from the criterion usedby BALANCE for assign-
ing queriesto bidders: B hastypej - kj 1 and therefore spendsat mostj=k< 1
fraction of his budget at the end of BALANCE. It followsthat whenquery g arrives,
B is available to BALANCE for allocating g, and therefore B must allocate q to
somebidder who has spent at most j =k fraction of his budget.

For simplicity we will assumethat bidders of typei spend exactly i=k fraction of
their budget, and that queriesdo not straddle slabs. The latter is justied by the
fact that bids are small comparedto budgets (e.g. taking bids to be smaller than
k% of the budget). The total error resulting from this simpli cation is at most N=k
and is negligible, once we take k to be large enough. Now, fori = 1;2;:::;k | 1,
let x; be the number of bidders of type(i). Let ~; denotethe total money spent by
the bidders from slab i in the run of BALANCE. It is easyto see(Figure 1) that
“1=N=k,andfor2- i- k, = N=kj (X1+ :::+ Xj; 1)=k.

1

3k

2/k

SLAB 3

TYPE 2 1k

Xk X3 X2 Xy

Fig. 1. The bidders are ordered from right to left in order of increasing type. We have
labeled here the bidders of type 2 and the money in slab 3.

Lemma 4.2.
. . X (A i
8i; 1- i kj 1: 1+ —=)x; - =N
o k k
j=1
Pr oof. By Lemma4.1,
Xi Xi B i Xi iij
X E N (X
j=1 j=1 j=1

The lemma follows by rearranging terms. [
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The revenue of the algorithm is

M1 5 1
BAL X+ N Xi i ¥

i=1

To nd a lower bound on the performance of BALANCE we want to nd the
minimum value that N j :‘:'11 Kik—'xi i Nr can take over the feasiblef x;jgs. This

givesthe following LP, which we call L. In both the constraints below, i ranges
from 1to ki 1.

b 1
maximize ©= kit
i=1
. . X i i
subjectto 8 : 1+ T)xj . EN
j=1
8i: xj., 0

Let us alsowrite down the dual LP, D, which we will usein the caseof arbitrary
bids.

M1
minimize Ny
i=1
b 1 C .
subjectto 8i: @+ J'—')yj R kil
i k k
8i: Vi, 0

De ne A;b;c sothe primal LP, L, can be written as
max c¢x sit: Ax- b x, O
and the dual LP, D, can be written as
min bty st ATy, c y, O
Lemma 4.3. Ask! 1, the value© of the linear programs L and D gcesto N;

Pr oof. On setting all the primal constraints to equality and solving the result-
ing system, we get a feasible solution x{ , 0. Similarly, we can set all the dual
constraints to equality and solve the resulting systemto get a feasibledual solution.
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Thesetwo feasiblesolutions are:

xP=N@i H fori=1Lmki 1

yi= 2@ HMY fori= 1k 1l

Clearly they satisfy all complemenary sladknessconditions, hencethey are also
optimal solutions of the primal and dual programs.
This givesan optimal objective function value of

©

ce¢x® = bey”

b{l

= ke e
i=1

= N@i @

As we make the discretization ner (i.e. ask! 1) © tendsto N;

O

Recall that the size of the matching is at least N | © j % henceit tends to
N(1j ). SinceOPT is N, the competitiv e ratio is at least1j <.

On the other hand onecan nd an instance of the problem (e.g., the oneprovided
in [Kalyanasundaramand Pruhs 2000]) such that at the end of the algorithm all
the inequalities of the primal are tight, hencethe competitiv e ratio of BALANCE
is exactly 1j 1.

5. A TRADEOFF-REVEALINGFAMILY OF LPS FOR THE ADWORDSPROBLEM

To generalizethe algorithms of [Kalyanasundaramand Pruhs 2000]to arbitrary
bids, it is instructiv e to examine the special casewith bids restricted to f0;1; 2g.
One natural algorithm to try assignsead query to a highest bidder, using the
previous heuristic to break ties (largest remaining budget). We provide an example
in the Appendix to show that such an algorithm achieves a competitiv e ratios
strictly smaller and bounded away from 1 1=e

In this sectionwe show how one can derive the optimal trade-o®function between
the bid and the (fraction of) unspent budget. Obsene that even if we knew the
correct tradeo®function, extending the methods of the previous sectionis ditcult.
The problem with mimicking the factor-revealing LP is that now the tradeo® be-
tweenbid and unspent budget is subtle and the basic Lemma 4.1 which allowed us
to write the inequalities in the LP no longer holds.

Here is how we proceedinstead: For every monotonically decreasingtradeo®
function A and every instance¥sof the adwords problem and write anewLP L (% A)
for our algorithm usingtradeo®function A run on the instance¥s Of course,oncewe
specify the algorithm aswell asthe input instance, the actual allocations of queries
to bidders is completely determined. In particular, the number ® of bidders of
typei is xed. L(¥%A) is the seeminglytrivial LP obtained by taking the left hand
side of ead inequality in the factor revealing LP L and substituting x; = ® to
obtain the right hand side. Formally:
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Recall the LP L from the previous section:
max c¢x st Ax- b x, 0

Let a beak j 1 dimensional vector whoseith componert is ®. Let Aa = |. We
denote the following LP by L (¥ A):

max c¢x st Ax- | x . O

B

The dual LP is denotedby D (% A) and is:
mn I¢y st: ATy, c y, 0

Clearly, any one LP L(¥%A) o®ersno insight into the performance of our algo-
rithm; after all the right hand sidesof the inequalities are expressedn terms of the
unknown number of bidders of type i. Nevertheless,the ertire family L (¥4 A) does
cortain usefulinformation which is revealedby consideringthe duals of theseLP's.

SinceL (¥ A) di®ersfrom L only in the right hand side, the dual D (% A) di®ers
from D only in the dual objective function; the constraints remain unchanged.
Hencesolution y® of D is feasiblefor D (¥4A) aswell. Recall that this solution was
obtained by setting all nontrivial inequalities of D to equality.

Now by construction, if we set all the nontrivial inequalities of LP L(¥A) to
equality we get a feasiblesolution, namely a. Clearly, a and y* satisfy all comple-
mentary sladknessconditions. Therefore they are both optimal. Hencewe get:

Lemma 5.1. For any instance ¥2and monotonically decreasing tradeo® function
A, y® is an optimal solution to D (% A).

The structure of the algorithm doesconstrain how the LP L di®ersfrom L (¥4 A).
This is what we will explore now.

As in the analysisof BALANCE, we divide the budget of ead bidder into k equal
slabs numbered 1 to k. Money in slabi is spent before moving to slabi + 1. We
say that a bidder is of typej if the fraction of his budget spert at the end of the
algorithm liesin the range((j i 1)=k;j=k]. By convention a bidder who spendsnone
of his budget is assignedtype 1. As before,we make the simplifying assumption (at
the cost of a negligible error term) that bidders of type spend exactly j =k fraction
of their budget. Let ® denotethe number of bidders of type j. Let ~; denotethe
total money spent by the bidders from slabi in the run of the algorithm. It is easy
to seethat 1 = N=k, andfor2- i- k, = N=kj (& + :::+ ®&; 1)=k.

Let ¢( % A) beak 1 dimensional vector whoseith componert is (® | 1) +
:ii+ (® | ). The following lemma relates the right hand side of the LPs L and
L(%A).

Lemma 5.2. | = b+ ¢(%A):

Pr oof. Considerthe ith componerts of the three vectors. We needto prove:

@ L+ B+ @1+ U2+ i+ ®
=R+ (@ T)r it (@ )

This equation follows using the fact that —j = N=kj (®& + :::+ ®; 1)=k. O
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We are interested in comparing the performance of our algorithm (abbreviated
asALG) with the optimal algorithm OPT. The following de nitions focuson some
relevant parameterscomparing how ALG and OPT treat a query Q:

De nition:  Let ALG(q) (OPT(q)) denote the reverue earnedby the algorithm
(OPT) for query g. Say that a query q is of type i if OPT assignsit to a bidder of
typei, and say that qliesin slabi if the algorithm pays for it from slabi.

Lemma 5.3. For each query g suchthat 1 - type(q) - ki 1,
OPT ()A(type(q)) - ALG (6)A(slab(q)):

Pr oof. Considerthe arrival of g during the run of the algorithm. Sincetype(q) -
ki 1, the bidder bto whom OPT assignedthis query is still actively bidding from
someslabj - type(q) at this time. The inequality in the lemma follows from the
criterion usedby the algorithm to assignqueries, together with the monotonicity
of A.

O
B L

Lemma 5.4. AGW)N® i ) -
i=1

Pr oof. We start by observingthat for 1- i - kj 1:

?Z

OPT(q) = ®
q:lype€a)=i

ALG(q) =
g:sSlab(q)= i

By Lemma5.3

[OPT (a)A(type(a)) i ALG(a)A(slab(q))]
a:type)- ki 1

Next obsenre that

OPT( q)A(type(d))
q:type)- ki 1
M1oX )
= OPT(QA(i)
=1 qtypeq):= i
M 1
A)®:

i=1

And

ALG( g)A(slab(q))
a:type&a)- ki 1
ACM Transactions on Computational Logic, Vol. V, No. N, August 2007.
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X
ALG( g)A(slab(a))

q:S|ab(q)- k

ALG (g)A(slab(q)) +

N
k
a:slabgg)- ki 1

1 X 5 N
= ALG(QA(I) + -
i=1 g:slabg)= i
b 1
= A@) + E:

k

i=1

The lemma follows from thesethree inequalities.

O

The Tnal step consistsof choosing the correct tradeo® function A as a function
of the dual optimal solution y*© itself, sothat for every instance % the value of the
optimal solution to L (% A) is at most that of L.

Theorem 5.5. For function A, dened as
N 51 O
A(i) = yi = 1i (i E)k' .
j=i
the competitive ratio of the algorithm is (1 j %), as k tendsto in nity.

Pr oof. By Lemma 5.1, the optimal solution to L(¥A) and D (¥ A) has value
| ¢y®. By Lemma 5.2 this equals(b+ ¢) ¢y" - N=e+ ¢ ¢y° (sinceb¢y” - N=g
from Section 4).

Now,

kg1
¢ ey = yI(®i )+ (@ )

i=1
kg1

= (®&i DO F i YG )
i=1
kg1

= @i DA®)
i=1
N,
K

wherethe last equality follows from our choice of the function A, and the inequality

follows from Lemma 5.4. As k tends to in nit y, we get that the competitiv e ratio
of our algorithm is (1 1).

O
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The above analysishelped us derive the correct tradeo®function A together with
the competitiv e ratio. However, the proof of the competitiv e ratio of the algorithm
is simpler, oncewe are given the correct A. We give a quick sketch the main steps
of such a proof below:

From the de nitions of the ® and = variables, we have the following relations:

P
8i: _i=4Nl B

Lemma 5.4 givesus
X _ N
A@ ) -
i<k
where the choice of A is:

.. Logiis
A(l)=1i (1i —k)k" !
Combining theserelations we get:

X ki i+1 N
®L. =

- k e

But the left side of the inequality above is precisely the amourt of money left

unspent at the end of the algorithm. This establishesthat the competitiv e ratio is
1j 1=e

6. TOWARDS MORE REALISTICMODELS

In this section we shav how our algorithm and analysis can be generalizedto the
following situations:

(1) Advertisers have di®erert daily budgets.

(2) The optimal allocation doesnot exhaust all the money of advertisers

(3) Advertisers ernter at di®erert times.

(4) More than one ad can appear with the results of a query. The most general
situation is that with ead query we are provided a number specifying the
maximum number of ads.

(5) A bidder pays only if the user clicks on his ad.

(6) A winning bidder pays only an amount equal to the next highest bid.

1, 2, 3: Wesa that the current type of a bidder at sometime during the run of
the algorithm isj if he hasspent between(j i 1)=k and j =k fraction of his budget
at that time. The algorithm allocatesthe next query to the bidder who maximizes
the product of his bid and A(current type).

The proof of the competitiv e ratio changesminimally: Let the budget of bidder
j beBj. Fori= 1;:;k, de ne ’ to be the amount of monclgy spert by the bidder

j from the interval [J—BJ; LB; ) of his budget. Let ; = j |] Let ® be the
amopyt of moneythat the optlmal allocation getsfrom the bins of nal typei. Let
®= , ®, bethe total amount of money obtained in the optimal allocation.

ACM Transactions on Computational Logic, Vol. V, No. N, August 2007.



14 ¢ Aranyak Mehta et al.

Now the relations usedin the direct proof at the end of Section5 become
P
_® 4§
8. ., — 1=~
I s k

X
AD@i )
i<k

Thesetwo setsof equationssu+ce to prove that the competitiv e ratio is at least
1j 1=e We also note that the algorithm and the proof of the competitiv e ratio
remain unchangedeven if we allow advertisersto enter the bidding processat any
time during the query sequence.

4: If the arriving query g requires nq number of advertisemerts to be placed,
then allocate it to the bidders with the top nq values of the product of bid and
A(current type). The proof of the competitiv e ratio remains unchanged.

5: In order to model this situation, we simply set the e®ective bid of a bidder
to be the product of his actual bid and his click-through rate (CTR), which is the
probability that a userwill click on his ad. We assumethat the click-through rate is
known to the algorithm in advance- indeed se\eral seard engineskeepa measure
of the click-through rates of the bidders.

6: Sofar we have assumedthat a bidder is charged the value of his bid if he is
awarded a query. Seard enginecompanieschargea lower amourt: the next highest
bid. There are di®erert ways of de ning \next highest bid". We can extend our
analysis for two of these de nitions: the next highest bid is chosenfrom all bids
received at the start of the algorithm or only amongalive bidders, i.e. bidders who
still have money.

It is easyto seethat a small modi cation of our algorithm achievesa competitiv e
ratio of 1j 1=efor the rst possibility: award the query to the bidder that maximizes
next highest bid £ A(fraction of money spert). Next, let us consider the second
possibility. In this case,the o%ine algorithm will attempt to keep alive bidders
simply to charge other bidders higher amourts. If the online algorithm is also
allowed this capability, it can alsokeepall bidders alive all the way to the end and
this possibility reducesto the rst one.

7. A LOWERBOUND FOR RANDOMIZED ALGORITHMS

In [Karp et al. 1990]a lower bound of 1j 1=ewas proved for the competitiv e ratio
of any randomized online algorithm for the online bipartite matching problem.
Also, [Kalyanasundaramand Pruhs 2000] proved a lower bound of 1| 1=eon the
competitiv e ratio of any online deterministic algorithm for the online b-matching
problem, even for large b. By suitably adapting the example usedin [Karp et al.
1990], we show a lower bound of 1 1=e for online randomized algorithms for
the b-matching problem, even for large b. This also resolves an open question
from [Kalyanasundaramand Pruhs 1998].

Theorem 7.1. No randomizeal online algorithm can have a competitive ratio
better than 1§ 1=e for the b-matching problem, for large b.

Pr oof. By Yao's Lemma [Yao 1977], it sutcesto presen a distribution over
inputs suc that any deterministic algorithm obtains at most 1 1=e of the optimal
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allocation on the average. Consider rst the worst caseinput for the algorithm
BALANCE with N bidders, each with a budget of 1. In this instance, the queries
erter in N rounds, with 1=2 number of queriesin ead round. We denote by Q; the
queriesof round i, which are identical to eat other. For every i = 1;::; N, bidders
i through N bid 2 for eact of the queriesof round i, while bidders 1 through i j 1
bid O for these queries. The optimal assignmen is clearly the onein which all the
qgueriesof round i are allocated to bidder i, achieving a revenue of N. One can
show that BALANCE will achieve only N(1j 1=€) revenue on this input.

Now considerall the inputs which can be derived from the above input by per-
mutation of the numbers of the bidders and take the uniform distribution D over
all theseinputs. Formally, D can be described as follows: Pick a random permu-
tation Y of the bidders. The queriesenter in rounds in the order Q1;Q2;:::; Qn -
Bidders ¥i); i + 1);::;;%{N) bid 2 for the queriesQ; and the other bidders bid
0 for these queries. The optimal allocation for any permutation Yaremains N, by
allocating the queriesQ; to bidder ¥{i). We wish to bound the expected revenue
of any deterministic algorithm over inputs from the distribution D.

Fix any deterministic algorithm. Let g; be the fraction of queriesfrom Q; that
bidder j is allocated. We have:

(

1 .
e 1. NP ifj, i,
Evfaj ] 0 it <.

To seethis, note that there are N j i + 1 bidders who are bidding for queries
Qi. The deterministic algorithm allocates somefraction of these queriesto some
bidders who bid for them, and leavesthe rest of the queriesunallocated. If j | i
then bidder j is a random bidder among the bidders bidding for these queriesand
henceis allocated an averageamourt of ﬁ of the querieswhich were allocated
from Q; (where the averageis taken over random permutations of the bidders). On
the other hand, if j < i, then bidder j bids O for queriesin Q; and is not allocated
any of thesequeriesin any permutation.

Thuswe getthat the expectegamourt of money spert by a bidder j at the end of
the algorithm isat mostminf1; |, g—5779. By summingthis overj = 1;::;N, we
get that the expectedrevenue of the deterministic algorithm over the distributional
input D isat most N (1 1=€). This "nishes the proof of the theorem. O

8. DISCUSSION

In practice, there is a lot of statistical information available about seart queries. If
the querieswere selectedfrom a xed probability distribution, then the allocation
problem becomesan o2ine problem. Though this is NP-complete for large bids, in
the realistic casewhere the bids are small comparedto budgets,a 1| 2 approxi-
mation can be obtained by linear programming [Bahl et al. 2004]. In practice, the
query distribution °uctuates over time, varying with time of day, special everts,
etc. Thereforeit is desirableto have a very simple, time excient online allocation
scheme.

Let us start by giving a model for the query sequencehat formalizesboth their
statistical nature as well as their unpredictable °uctuations. In this model, the
gueries are drawn from an arbitrary "xed distribution for a period of time. The
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distribution is switched by an adversary a number of times ead day. Our goalis to
designan online algorithm that achievesa 1 o(1) performanceratio against any
“xed probability distribution, while achieving a good worst-caseperformanceratio
when the distribution is switched suddenly (or ewolvesrapidly).

We believe a simple modi cation of our algorithm achievesthis. Hereis a concrete
proposal: eat bidder is assigneda weight, and his e®ectie bid for a keyword is
de ned to bethe product of the actual bid and his weight. We modify our algorithm
to use e®ectie bids in place of bids. The main open question here is whether for
any xed distribution on queriesthere is always a set of weights suc that this
algorithm achieves1i o(1) expected competitiv e ratio.

How do we actually 'nd a good set of weights for the bidders? Here is an
online heuristic might provide a quick way of computing such weights: considerthe
allocation of queriesfor somewindow of time under the current weights. Adjust
the weight of a bidder upwards if that bidder spendslessthan his fair share of his
his budget during this time window, and downwards if he spendsmore than his fair
share of the budget. Repeat this processafter eah suc window of time.

In an earlier version of this paper [Mehta et al. 2005],we had presenied a second
algorithm basedon the RANKING algorithm for online bipartite matching of [Karp
et al. 1990]. The algorithm randomly permutes the bidders, and assignsead query
to the bidder who maximizes the product of his bid for the query and the value
of a particular function of his rank (position) in the permutation. The function
used was the sameas the function usedin this paper for scaling the budgets. We
claimedin [Mehta et al. 2005]that this algorithm also achievesa competitiv e ratio
of 1j 1=e (for the expected revernue). There was a gap in our proof. What was
actually proved in [Mehta et al. 2005] is that a modi cation of this algorithm
achievesfactor 1 1=e This modi cation, which was called Refusal, is intro duced
just for the purposesof algorithm analysisand is not implementable, sinceit relies
on knowledge of the optimal allocation. The gapin [Mehta et al. 2005]was that
unlike in [Karp et al. 1990], the competitiv e ratio of Refusal is not necessarilya
lower bound on that of the actual algorithm (which is what we claimed). Analyzing
the competitiv e ratio for this algorithm remains an open question.

Howe\er, there is yet another way to generalizeRANKING for generalbids and
large budgets. For a suitably large m, we can represen every bidder i with budget
B; by m bidders eath with budget B;=m and the samebid values. Now we can run
the previous generalization of RANKING for new bidders. As the queriesarrive
and get allocated by the algorithm, the represenativ esof eat bidder will run out
of budget in the order in which they appear in the permutation. Sincem is large,
we can expect these represettativesto be evenly distributed in the permutation.
Therefore, the new extensionof RANKING will roughly simulate the algorithm we
explained in Section 3 and it should have the samecompetitiv e factor of 1| 1=e
This line of argumert indicates that the algorithm analyzedin this paper may be
regarded as a common generalization of RANKING and BALANCED in the case
of large budgets.

The useof our trade-o®function for solving the adwords problem is reminiscert
of the use of potential functions for online minimization problems, e.g., makespan
minimization [Aspneset al. 1997]. An interesting question is to seewhether our
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methods can be usedto derive the relevant trade-o®sin the context of these prob-
lems. More generally, understanding the scope and nature of the main technique
of our paper remains open.

Gaming by advertisersis a seriousproblem in online ad auctions. Our algorithm
appearsto provide someresilienceagainst gaming schemes. One such scheme ex-
ploits the second-priceauction to depletethe competitor's budget (unlik e the Vick-
rey auctions, in this setting becauseof repeated play, secondprice auctions are not
incentive compatible). This is done by bidding just short of the winning bid, thus
quickly depleting the competitor's budget (this can be accomplishedby a ghost
bidder with small budget). Once the competitor is eliminated, the keyword can be
obtained at a low bid. Our algorithm will often award query words to the ghost
bidder thereby depleting his budget too. These are heuristic considerations. More
formally, [Borgs et al. 2005] gave some evidencethat it is impossibleto designa
truthful mecdhanism in the presenceof budget constraints. More generally , the
uncertainty induced by the tradeo®in our algorithm seemsto have the e®ectof
increasingthe competition in the auction.
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App endix

A. COUNTEREXAMPLEFOR THE NAIVE ALGORITHM

PHASE 2

PHASE 1

Bin N Bin 0.5N Bin 0.1N

Fig. 2. The bidders are ordered from right to left. The areainside the dark outline is the
amount of money generated by the algorithm. The optimum allocation gets an amount
equal to the whole rectangle.

We presert an exampleto show a factor strictly lessthan 1j 1=efor the algorithm
which givesa query to a highest bidder, breaking ties by giving it to the bidder
with the largest fraction of unspent budget. This example has only three values
for the bids - 0, a or 2a, for somesmall a > 0. This meansthat a modi cation of
this algorithm { one which doesnot di®ereriate betweenclosebids (say within a
factor of 2) { is also suboptimal.

query sequenceand bidding pattern. Each bid is either 0, a or 2a. Let m = 1=a
We will takea! 0.

The queriesarrivein N rounds, with m queriesead. The N rounds are divided
into 3 phases.

Phase 1 (1 - i - 04N): In the rst round m queriesarrive, for which the
bidders 0:IN + 1 to N bid with a bid of a, and bidders 1 to 0:1N do not bid.
Similarly, for 1 - i - 0:4N, in the ith round m queriesarrive, for which bidders

0:IN + i to N bid with a bid of a, and for which bidders 1 to 0:IN + i j 1 do not
bid.

For 1 - i - 04N, the algorithm will distribute the queries of the ith round
equally between bidders 0:IN + i to N. This will give the partial allocation as
shawn in Figure 2.

Phase 2 (0:4N + 1- i - 0:5N): In the (0:4N + 1)th round m queriesarrive,
for which bidder 1 bids a, and bidders 0:5N to N bid 2a (the rest of the bidders
bid 0). Similarly, for 0:4N + 1 - i - 0O:5N, in the ith round m queriesare made,
for which bidder i j 0:4N bids a, and bidders 0:5N to N bid 2a.

For 0:4N + 1 - i - 0:5N, the algorithm will distribute the queries of round i
equally betweenbidders 0:5N to N.
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At this point during the algorithm, bidders 0:5N + 1 to N have spent all their
money.

Phase 3 (05N + 1- i- N): m queriesarrivein round i, for which only bidder
i bids at a, and the other bidders do not bid.

The algorithm hasto throw away thesequeries,sincebidders 0:5N + 1to N have
already spent their money.

The optimum allocation, on the other hand, is to allocate the queriesin round i
as follows:

[F or1- i- 04N, allocate all queriesin round i to bidder 0:1IN + i.
[F or04N + 1. i- 0:5N, allocate all queriesin round i to bidderij 0:4N.
[F orO5N +1- i- N, allocate all queriesin round i to bidder i.

Clearly, OPT makesN amount of money A calculation shaws that the algorithm
makes0:62N amount of money Thus the factor is strictly lessthan 1 1=e

We can modify the above exampleto allow bids of 0, a and -a, for any - > 1,
such that the algorithm performs strictly worsethat 1 1=e

As - | 1 ,the factor tendsto 1j 1=¢ andas- ! 1, the factor tendsto 1/2.
Of course,if - = 1, then this reducesto the original model of [Kalyanasundaram
and Pruhs 2000],and the factor is 1} 1=e
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