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Abstract

We presert an improved \cooling schedule" for simu-
lated annealing algorithms for combinatorial courting
problems. Under our new schedule the rate of cool-
ing acceleratesas the temperature decreases. Thus,
fewer intermediate temperatures are neededas the sim-
ulated annealing algorithm moves from the high tem-
perature (easyregion) to the low temperature (di cult
region). We present applications of our technique to
colorings and the permanent (perfect matchings of bi-
partite graphs). Moreover, for the permanert, we im-
prove the analysis of the Markov chain underlying the
simulated annealingalgorithm. This improved analysis,
combined with the faster cooling schedule, results in an
O(n” log* n) time algorithm for approximating the per-
manert of a 0=1 matrix.

1 Intro duction

Simulated annealing is an important algorithmic ap-
proach for courting and sampling combinatorial struc-
tures. Two notable combinatorial applications are esti-
mating the partition function of statistical physicsmod-
els,and approximating the permanert of a non-negative
matrix. For combinatorial counting problems, the gen-
eral idea of simulated annealingis to write the desired
quartity, say Z, (which is, for example, the number of
colorings or matchings of an input graph) asa telescop-
ing product:
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whereZ- = Z and Z, is trivial to compute. By further
ensuring that ead of the ratios Z;=Z; ; is bounded, a
small number of samples (from the probability distri-
bution corresponding to Z; 1) suces to estimate the
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ratio. These samplesare typically generatedfrom an
appropriately designedMarkov chain.

Each of the quartities of interest correspondsto the
courting problem at a dierent temperature. The -
nal quantity Z = Z- correspondsto zero-temperature,
whereasthe trivial initial quantity Zg is in nite tem-
perature. The temperature slowvly decreasefrom high
temperature (easyregion) to low temperature (di cult
region). A notable application of simulated annealing
to combinatorial counting wasthe algorithm of Jerrum,
Sinclair and Vigoda [8] for approximating the perma-
nent of a non-negative matrix. In their algorithm, the
cooling scheduleis uniform: the rate of cooling wascon-
stant.

Our rst main result is an improved cooling sched-
ule. In cortrast to the previous cooling schedule for
the permanen, our scheduleis accelerating (the rate of
cooling acceleratesasthe temperature decreases).Con-
sequettly, fewer intermediate temperatures are needed,
and thus fewer Markov chain samplesoverall su ce. It
is interesting to note that our scheduleis similar to the
original proposal of Kirkpatric k et al [13], and is re-
lated to schedules used recertly in geometric settings
by Lovasz and Vempala [14] and Kalai and Vempala
[11].

We illustrate our new cooling sdedule in the
context of colorings, which corresponds to the anti-
ferromagnetic Potts model from statistical physics. We
presert general results de ning a cooling schedule for
a broad classof cournting problems. These generalre-
sults seemapplicable to a wide range of combinatorial
courting problems, such asthe permanert, and binary
contingency tables [1].

The permanert ofann n matrix A is de ned as

X ¥
per(A) = a;

i=1
wherethe sum goesover all permutations  of [n]. The
permanert of a 0/1 matrix A is the number of per-
fect matchings in the bipartite graph with bipartite ad-
jacency matrix A. In addition to traditional applica-
tions in statistical physics [12], the permanert has re-
certly beenusedin a variety of areas, e.g., computer
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vision [16], and statistics [15]. Jerrum, Sinclair, and
Vigoda preseried a simulated annealing algorithm [8]
for the permanert of non-negative matrices with run-
ning time O(n'° log® n) for 0=1 matrices.

Our cooling schedule reducesthe number of inter-
mediate temperaturesin the simulated annealingfor the
permanert from O(n?logn) to O(n log® n). We alsoim-
prove the analysis of the Markov chain used for sam-
pling. The improved analysis comesfrom seweral new
inequalities about perfect matchingsin bipartite graphs.
The consequencef the new analysisand improved cool-
ing scheduleis an O(n7 log* n) time algorithm for esti-
mating the permanert of an 0=1 n n matrix. Hereis
the formal statemert of our result:

Theorem 1.1. For all > 0, there exists a random-
ized algorithm to approximate, within a factor (1

), the permanent of a 0/1 n n matrix A in time
o(n” log*(n) + nlog®(n) 2). The algorithm extends
to arbitrary matrices with non-negative entries.

The remainder of the paper is organizedas follows.
In Section 2 we presert our new cooling schedule,
motivated by its application to colorings. We then focus
on the permanert in Section 3.

2 Impro ved Cooling Schedule

We begin by motivating the simulated annealing frame-
work in the context of colorings. We then presen a
general method for obtaining improved cooling sched-
ules and show how it can be applied to colorings. We
conclude with the proofs of technical lemmas for im-
proved cooling schedules.

2.1 Counting Colorings. Our focusin this section
is counting all valid k-colorings of a given graph G. Let
G = (V;E) be the input graph and k be the number
of colors. A (valid) k-coloring of G is an assignmen
of colors from [K] to the vertices of G such that no two
adjacert verticesare coloredby the the samecolor (i. e.,
(u) & (v)forewery(u;v) 2 E). Let = ( G)denote
the setof all k-coloringsof G. For input parameters ; ,
our goal is to approximate j j within a multiplicativ e
factor 1 with probability 1
Before we presert our new reduction, it is worth
illustrating the standard reduction (seee.g., [6]). Let
Eo = E = feq;:;;emg (ordered arbitrarily), and, for
1 i m, let E; = E; 1 ng and G; = (V;E)).
Then the number of k-colorings of G can be written
as a telescopingproduct:

Y (G 1)
i (G

is the maximum degreeof G,

i(ey=k

For k + 2 where

it is possibleto verify the following bound on the i-th

ratio:

1 (G v
2 j(Gi)i '
Therefore we can estimate the i-th ratio by generating
random k-colorings of G; and counting the proportion
that are also valid k-colorings of G; ;. This reduces
the approximate courting problem of estimating the
cardinality of ( G) to m random sampling problems,
seeJerrum [6] for details on the reduction as a function
of the error parameter and con dence parameter .

We instead look at a cortin uousversion of the prob-
lem, the anti-ferromagnetic Potts model from Statistical
Physics, which allows more exibilit y in how we remove
edges. In addition to the underlying graph G and the
number of partitions k, the Potts model is also speci-
ed by an activity® . The con guration spaceof the
Potts model, denoted [k]V, is the set of all labelings

:V ! [k]. The partition function of the Potts model
courts the number of con gurations weighted by their
\distance" from a valid k-coloring. The \distance" is
measuredin terms of the activity  and we will specify
it shortly. As the activity goesto zero, the partition
function limits to j j.

Our reduction from approximating j j to sampling
from , works by specifying a sequenceof activities
for the anti-ferromagnetic Potts model, so that the
partition functions do not change by more than a
constart factor between successie activities. This
allows us to reduce the activity to an almost zero
value while being able to estimate the ratios of two
consecutive partition functions. Then, asbefore,we can
approximate j j. The advantage of the new reduction
lies in using fewer random sampling problems, namely
instead of m problems we now needto consider only
O(nlogn) sampling problemsto estimatej j.

For > 0, the partition function of the Potts model
is X

Z()=
2[kv

whereM( ) = Mg( ) = j(;,v)2E: (U= (v)jis
the number of monochromatic edgesof the labeling
The partition function can be viewed as a polyno-
mial in Notice that its absolute coe cien t equals
j ], the number of k-colorings of G. Moreover, Z(1) =
j ( Gm)j = k" isthe sum of the coe cien ts of Z. It can
be shown that for k >  the number of k-colorings of
G is boundedfrom below by (k=" (i.e.,j | (k=@").

M()

IThe activit y corresponds to the temperature of the system.
Speci cally , the temperature is 1=In , thus = 1 corresponds
to the innite temperature and = 0 corresponds to the zero

temp erature.



If we usedthe trivial lower bound ofj j 1, we would
intro ducean extra factor of O(log k) in the nal running
time. Obserwe that the value of the partition function
at = 1= isat most2j j:

(2.2)
i z(A=d) jj+rz)@=€") | j+k"=€" 2 |
This will besu cien tly closeto j jsothat wecanobtain
an e cien t estimator for j j.

We will de ne a sequence

1=€"; 41 = 0;
where™ = O(nlogn), and,forall 0 i °,

} Z( i+1) 1:
2 Z() '
We estimate the number of k-colorings of G via the
telescopingproduct:
. . Y
INERS i
0"

where ; = Z( i+1)=Z( ;): Wewill estimate ; by sam-
pling from the probabilit y distribution corresponding to
Zi. Before we describe how to estimate theseratios, we
rst specify the cooling schedule (i.e., the sequenceof
activities).

2.2 Intuition for Accelerating Cooling Schedule
for Colorings. We needto ensurethat for consecutive
i; i+1 theratio Z( j+1)=Z( ) isin the interval [3;1].
The polynomial Z has degree m since any labeling
has at most m = jEj monochromatic edges. Hence
it suces to dene 41 = 2 ™ ; then Z( j+1)

(2 F™mz( ) Z( {)=2. This species a uniform
cooling schedule with a rate of decrease2 ™.

If wehad Z( ) = k" ™ we could not decrease
fasterthan 2 ™. Fortunately, in our casethe absolute
coecientof Z( )isatleastj j (k=9". Toillustrate
the idea of non-uniform decreasejet f;( ) = . The
polynomial f, will always decreasefaster than Z. At
rst (for valuesof closeto 1) this di erence will be
small, however, as goesto O, the rate of decreaseof
Z slows down becauseof its absolute term. Thus, at a
certain point f, 1 will decreasefaster than Z. Once
reachesthis point, we can start decreasing by a factor
of 2 (M D As time progresses,the rate of Z will
be bounded by the rate of polynomials f ,, then f, 1,
fm 2,:::,all the way downto f, for closeto 0. When
the polynomial f; \dominates" we can decrease by a
factor of 2 17, Note that the rate of decreaseincreases
with time, i. e., the scheduleis accelerating.

2.3 General Cooling Schedule. Now we formalize
the acceleratedcooling approach. We state our results
in a generalform which provesuseful in other contexts,
e.g., for the permanert later in this paper, and binary
contingency tables [1].
Let Z( ) bethe partition function polynomial. Let
s be the degreeof Z( ) (note that s = m for colorings).
Our goalisto nd 1= 4 2 + such
that Z( )=Z( i+1) ¢ (e.g., for colorings we took
c= 2). The important property of Z( ) for coloringsis
Z(0) (k=" (i.e.,Z( ) haslargeconstart coe cien t).
For someapplications it will not be possibleto make the
absolute coe cien t large, instead we will show that a
coecient ap of P islarge (for somesmall D). Finally,
let be an upper bound on Z(1)=ap. For colorings we
cantake = €". The measureshow small needsto
getfor Z( ) to be within constart factor of Z(0). Now
we presert a generalalgorithm in terms of parameters
s;c; ;D.
Algorithm  for computing
, given parameters s, c,

the cooling sched-

ule ,and D:

Set"p=1,i=sandj = 0.
While "; > 1= do
Set’\,-+1 =cC l:iAj.
Ifi>D+1land ", < (s=)¥0 P,
Set Aj s = (s=)¥F0 D)
and decremen i =i 1.
Incremert j = j + 1.
Set™ =j.
The following lemma estimatesthe number of interme-
diate temperatures in the above cooling schedule, i.e.,
the length * of the " sequence.

Lemma 2.1. Letc; > 0O;D
the sequene computead by the alove algorithm. Then
"= O((D+1)log(s D)+s=s D)]log, ). If candD
are constants independent of s, then ™ = O(logslog ).

We will prove the lemmain Section 2.5. Note that
for colorings™ = O(nlogn).
The following lemma shows that for the sequence

of the ; the value of Z( ) changesby a factor ¢
for consecutie ; and .1 . We postpone the proof to
Section 2.5.

Lemma 2.2. Let c; ;D
collection of polynomials of degree s. Suppse that for
everyi 2 [q], the polynomial Z; satis es the following
conditions:

i) Z; has non-negative coe cients,

ii) thereexistsd D suchthat the coe cient of x¢ in
Zjis at least Z;(1)= .



Let " ". be the sequen@ constructed by the
alove algorithm. Then

zi(") czi("js) foreveryi2[qandj 2 [
2.4 Applying the Impro ved Cooling Schedule
to Colorings. Beforeapplying thesegeneralresults to
colorings, we quickly review how to approximate the
ratios ; in the telescoping product (1.1) (see[6] for
details). We can approximate ; using the following
unbiased estimator. Let X; i denote a random
labeling chosen from the distribution ; dened by
Z( i), (i. e., the probability of a labeling is () =
MO =z (). LetY; = ((is2= H)MXD), Then; is an
unbiasedestimator for ;:

E) = Ex, , (ina= i)M(Xi)
X GO ZCim)
2KV Z( i) Z( 1)

Assume that we have an algorithm for generating la-
belings X ? from a distribution that is within variation
distance "= of ;. Wedraw ( '="2) samplesof X ?

and take the mean; of their corresponding estimators

Y,%. Then the expectedvalue of Y; isE[Y;](1 "=") and
the variancecanbe boundedasV[Y;] = O("?= [Y 2.
Therefore, by the Chebyshev's inequality k" ~,_; 7

equalsj j(1 2") with probability 3=4.

If the algorithm generatesa sample X0 from a

distribution within variation dlstancg? '=" of ;intime
T("="), then the computation of k" Y, takestime
O(2="2T("=")).

Now we return to colorings, and conclude the
nal running time of the algorithm. Recall that ~ =
O(nlogn). For k > 2, it is possible to generate
a labeling within variation distance "0 of ; in
time T("9 = —%—nlog(n="% [3, 6]. Hence one can
approximate j j within a multiplicativ efactor 1 " with
probability ~ 3=4 in O(;—%—"1%"" In(n=")) time. In
contrast, for k > 2 using the standard courting to
sampling reduction, Jerrum states a running time of

O(%% In(n=")) where m is the number of edges.

Fork 2 resultson mixing time are known for certain
classesof graphs[5]. These are proved for k-colorings,
but most likely they can be extended to the non-zero
temperature.

2.5 Proof of Lemmas 2.1 and 2.2. The rest of this
sectionis dewvoted to the proof of Lemmas?2.1 and 2.2.

Proof of Lemma2.1. We de ne intervals:

= [(s= )" 1),

fori=D+ 2;:::; 1,
II - [(S: )l=(i D);(S: )l=(i+l D)]'

and nally ,
Ip+1 = (0;(s= )*2:

Let *; bethe number of " valueslying in the interval
li. Fori 2 fD + 2;:::;s 1g we have the estimate:

N o [(S= )1:(i+1 D)]i D + 1|0
Similarly,
s log, - s D log. ;
[(s= )¢ DIF: D
and
. [(s= )P D+1 :
p+1 log = P 3 log, :
Putting it all together, we get the bound
ﬁ ~
i
i=D+1
2s D D+1
(D+ 1)Hs p + s D + > log. ;
P . - .
whereH; = =1 17 = O(logi) is the harmonic sum.
Therefore

"= O((D + 1)log(s D)+ sXs D)]log. ):

The log-derivative of a function f is (logf )%= f %f.
The log-derivative measures how quickly a function
increases.

Definition  2.1. We say that a polynomial f is dom-
inant over a polynomial g on an interval | if

fYx)=f(x) gyx)=g(x) for everyx 2 |.

Lemma 2.3. Letf;g:1 ! R™ betwo non-decreasing
polynomials. If f dominates over g on |, then

f(y)=f(x) g(y)=g(x) for everyx;y 21, x .

We partition the interval (0;1 ) into subintervals
Ip+1;:::;1s sudh that x' dominates over every Z-
polynomial on the interval ;. The A,- in 1; will be
such that x' decreasedy a factor ¢ betweenconsecutive
™. Therefore the Z-polynomials decreaseby at most a
factor of c.

Lemma 2.4. Let g(x) =
with non-negative coe cients.
g on the interval (0;1 ).

S H .
j=0 &X' be a polynomial
Then x5 dominates over



g°)=9(x)

Proof. It suces to verify that (x3)%x®
for every x > 0.

Lemma 2.5. Let g(x) = P [=0 @ X be a polynomial
with non-negative coe cients such that g(1) and
1. Then for any
i D+ 1the polynomial x' dominatesg on the interval
(0; (s= )=(*1 P)],

Proof. The logarithmic derivative of x' is i=x. Hence
we need to prove that ig(x) xg9x) for x
(S= )1=(i+1 D)'

Let d be the smallest integer such that aq 1.

From the assumptions of the lemma d D. For
x (s= )0+ D) the following holds
x , x .
jagx ¢ sax P
j=i+l j=i+l
X g (i D)=(i+1 D)
sg —
j=i+l
x
sa s L
j=i+l
Sincei > d, for x  (s= )¥(*1 D) we have
X , .
xg) = jax+  jagx
j=0 j=i+l
X . X .
jajx) + agx® iajx) = ig(x):
j=d j=d
Proof of LemmaZ2.2. Let Ip.41 ;:::;ls beasin the proof
of Lemma 2.1. Let Qq( ) = Z4( )=Zq(1). Notice

that the Qg satisfy the conditions required of g by
Lemma2.5. Thereforex' dominatesover every Qq (and
hencealso Zy) on the interval |; for i < s. Moreover,
Lemma 2.5 and Lemma 2.3 imply that x® dominates
over every Qq (and henceZg) on the interval I s. Notice
that if “;%+ 2 1i, thenc™,; "1 (where inequality
happens only if %41 = (s= ) P)). Therefore all
of the Z4-polynomials decreaseby a factor at most ¢
between consecutiwe valuesof .

3 Permanent Algorithm

Here we describe the simulated annealing algorithm
for the permanert. We show the application of our
improved cooling schedule, and our improvemert in the
mixing time bound for the Markov chain underlying
the simulated annealingalgorithm. We presen the new

inequalities which are key to the improved mixing time
result. This analysisis more dicult than the earlier
work of [8].

3.1 Preliminaries. Let G = (V1;V;;E) be a bipar-
tite graph with jVij = jVoj = n. Wewill letu v
denote the fact that (u;v) 2 E. Foru 2 Vi;v 2 Vs,
we will have a positive real number (u;v) called the
activity of (u;v). If u v, (u;v) = 1 throughout the
algorithm, and otherwise, (u;v) starts at 1 and drops
to 1=n! as the algorithm ewlves. The activities allow
us to work on the complete graph on V; and V.

Let P denote the set of perfect matchings (recall
that we are working on the completegraph now), and let
N (u; v) denote the set of near-perfect matchings with
holes (or unmatched vertices) at u and v. Similarly,
let N (x;y;w;z) denote the set of matchings that have
holes only at the vertices x; y; w; z. For any matching
M, denoteits activity as

(M) := (u; v):
(uv)2Mm
. P
For a set S of matchings, let (S) := Ma2s (M)
For u 2 Vp;v 2 V, we will have a positive real number

w(u; v) called the weightof the hole pattern u;v. Given
weights w, the weight of a matching M 2 is

(M)w(u;v)
(M)

if M 2 N (u;v);and

M) =
wM) ifM 2 P:

The weight of a set S of matchings is
w(S) := w(M):
M2S

For given activities, the ideal weightson hole pat-
terns are the following:

(P)

(33) N (V)

w (u;v) =
Note, for the ideal weights all hole patterns have
the same weight, in particular, w (N (u;v)) =
w (u;v) (N(uv)) = (P)=w (P).

3.2 Mark ov chain de nition. At the heart of the
algorithm lies a Markov chain M C, which was used
in [8], and a slight variant was used in [2, 7]. Let
V1 Vo ! R; bethe activities andw : V; V!
R: be the weights. The set of states of the Markov
chain is = P [ Nj. The stationary distribution
is @roportional tow, ie, (M)= w(M)=Z where
Z= g, WM).
The transitions M; !
M C are de ned asfollows:

M+ of the Markov chain



1. If M; 2 P, choosean edgee uniformly at random
from M;. SetM %= M ne.

2. If My 2 N {(u;v), choose vertex x uniformly at
random from Vi [ V.

(@) If x2fu;vg, let M= M [ (u;v).
(b) If x2 V, and (w;x) 2 My, let

MO%= M [ (u;x)n(w;x):
(c) If x2 V; and (x;z) 2 My, let

M%= M [ (x;v)n(x; 2):
(d) Otherwise, let M %= M;.

3. With  probability minf 1, w(M 9=w(M)g,
Mi+1 = M@ otherwise, setM+1 = M.

set

Note, casesl and 2a move between perfect and near-
perfect matchings, whereascases2b and 2c move be-
tween near-perfect matchings with di erent hole pat-
terns.

The key technical theoremis that the Markov chain
quickly convergesto the stationary distribution  if the
weights w are closeto the ideal weights w . The mixing
time () is the time neededfor the chain to be within
variation distance from the stationary distribution.

Theorem 3.1. Assuming the weight function w is

within a multiplicative factor 2 of the ideal weightsfor

all (u;v) 2 Vi Vo with M (u;v) 6 0, then the mix-
ing time of the Markov chain MC is bounded alove by
()= 0(n*(In(= (Mo)) + log 1)).

This theoremimprovesthe mixing time bound by O(n?)
over the corresponding result in [8].

3.3 Simulated Annealing with New Cooling

Schedule. We will run the chain with weights w close
to w , and then we can usesamplesfrom the stationary
distribution to rede ne w so that they are arbitrarily

closeto w . For the Markov chain run with weights w,
note that

(N = MUY NG wz(tvjv:v()u_(vF;)
w(u; V)
w (u; V)

(P)

Rearranging, we have
(PYw(u; v)
(N (u;v))

Given weights w which are a rough approximation to
w , identity (3.4) implies an easymethod to recalibrate

(3.4) w (u;Vv) =

weights w to an arbitrarily closeapproximation to w .
We generatemany samplesfrom the stationary distribu-
tion, and obsenethe number of perfect matchingsin our
samplesversus the number of near-perfect matchings
with holesu;v. By generating su cien tly many sam-
ples, we can estimate (P)= (N (u;v)) within an arbi-
trarily closefactor, and hencewe can estimate w (u;v)
(via (3.4)) within an arbitrarily closefactor.

For weights that are within a factor of 2 of the ideal
weights, it followsthat (N (u;v)) 1=4(n? + 1), which
implies that O(n?log(1=")) samplesof the statior}glry
distribution of the chain are enoughto obtain a = 2-
approximation w° of w with probability 1 ~. The-
orem 3.1 (with = O(1=n?)) implies that O(n*logn)
time is neededto generateeat sample.

3.4 Algorithm  for estimating ideal weights.
Now we can presen the simulated annealing algorithm
for 0=1 matrices. The algorithm runs in phases,eadh
characterized by a parameter ". In every phase,

1 fore2E
(3:5) ©= for e 62E
We start with " = 1 and slowly decrease” until it
reachesits target value 1=n!.

At the start of eath phasewe have a set of weights
within a factor 2 of the ideal weights, for all u;v, with
high probability. Applying Theorem 3.1 we generate
many samplesfrom the stationary distribution. Using
thesesamplesand (3.4), we re ne the weights to within
a factor = 2 of the ideal weights. This allows us to
decrease” so that the current estimates of the ideal
weights for *; are within a factor 2 of the ideal weights
for "i.q .

In [8], O(n?logn) phasesare required. A straight-
forward way to achieve this is to decrease” by a fac-
tor (1 1=3n) between phases. This ensuresthat the
weight of any matching cBa_nges by at most a factor
(A 1=3n)" exp(1=3)< 2.

We useonly O(n log? n) phasesby using the cooling
schedule preserted in Section 2. In the notation of
Egction 2, the permanert algorithm requiress= n, c=

2, =nl,andD = 1. Thus, our total running time is
O(n log? n) phases,0(n?logn) samplesper phase,and
O(n*logn) time to generate eadr sample. Thus, the
total running time is O(n” log* n).

3.5 Analyzing Mixing Time: Key Technical
Inequalities. The following lemma contains the new
combinatorial inequalities which are the key to our
improvemert of O(n?) in Theorem 3.1. In [8] simpler
inequalities were proved without the sum in the left-



hand side, and were a factor of 2 smaller in the right-
hand side. Using these new inequalities to bound the
mixing time requires more work than the analysisof [8].

Lemma 3.1. Let u;w 2 Vi, v;z 2 Vo be distinct
vertices. Then,

1. X
iN (U VN (5 y)i 2Pj2

Xy ((uy)i(xv)2E

X . e .
JN (U VN (x; 2)]
xX:(xv)2E

2N (u; 2)jjP j:

IN (U WJIN (x; y; W; 2)]
Xy ((uy )i (vix)2E

2iN (w; 2)jiP j:

Proof.
1. We will construct a one-to-onemap:

f1:N(u;v) N(xy)! P P b

Xy ((uy );(vix)2E

wherebis a bit, i.e., bis 0/1.

LetLo 2 N(u;v)andLi 2 [ wy (uy):(vix)2e N (X Y).
In Lo L; the four vertices u;v; x; y ead have degree
one, and the remaining vertices have degreezeroor two.
Hencethesefour vertices are connectedby two disjoint
paths. Now there are three possibilities:

If the paths are u to x and v to y, they must both
be even.

If the paths are u to v and x to y, they must both
be odd.

The third possibility, u to y and v to x is ruled
out sincesud paths start with an L edgeand end
with an L; edgeand hence must be even length;
on the other hand, they connectvertices acrossthe
bipartition and hencemust be of odd length.

Now, the edges(u;y) and (v;x) are in neither
matching, and so(Lo Li)[ f(u;y);(v;x)g contains an
even cycle, say C, containing (u;y) and (v;x). We will
partition the edgesof Lo[ Li[ f(u;y);(v;x)g into two
perfect matchings as follows. Let M contain the edges
of Lo outside of C and alternate edgesof C starting
with edge(u;y). M1 will contain the remaining edges.
Bit bis setto 0if (x;v) 2 My and to 1 otherwise. This
de nes the map f ;.

Next, we show that f; is one-to-one. Let Mg and
M be two perfect matchings and b be a bit. If u and v
arenot in onecyclein Mg M3 then (Mg;M1;b) is not
mapped onto by f;. Otherwise, let C be the common
cycle containing u and v. Let y be the vertex matched
to uin Mg. If b= 0, denote by x the vertex that is
matched to v in My; elsedenote by x the vertex that
is matchedto v in M. Let Lo contain the edgesof Mo
outside C and let it contain the near-perfect matching
in C that leavesu and v unmatched. Let L; contain
the edgesof M; outside C and let it contain the near-
perfect matching in C that leavesx and y unmatched.
It is easyto seethat f;1(Lo;L1) = (Mo;My;b).

The proofsfor caseq?2) and (3) of the Lemmafollow
a similar approad.

In fact, the following extension of the previous
lemma, is used in the proof of Theorem 3.1. This is
a weighted version of the previous lemma.

Lemma 3.2. Let u;w 2 Vi, v;z 2 V, be distinct
vertices. Then,

1.
X
(Uy) (6v) (N(U;v) (N(y) 2 (P)?
X2V1y2V>
2.
(x;v) (N(u;v)) (N(x2)) 2 (N(u;2)) (P):
x2Vq
3.
X

(ury) (x;v) (N(u;v)) (N (x5 y;w;2))
x2V1y2V;

2 (N(w;2)) (P):

To bound the mixing time we use the canonical
paths technique, and then bound the congestion,which
is the total weight of paths through any transition.
That follows the samebasic approach usedin previous
MCMC algorithms for the permanert [7, 8]. However,
to use the new inequalities in our analysis of the
congestion,we needto partition the analysisinto seweral
casedasedon the type of transition and canonicalpath.

4 Conclusion

With the improvemert in running time of the approx-
imation algorithm for the permanert, computing per-
manert of n  n matrices with n 100 now appears
feasible. Further improvemert in running time is an
important open problem.

Some avenues for improvemert are the following.
We expect that the mixing time of the underlying chain



is better than O(n*). Someslak in the analysisis in
the application of the new inequalities to bound the
congestion. In their application we simply use a sum
over y, whereasthe inequalities hold for a sum over
x and y as stated in Lemma 3.2. It is possible that
fewer samplesare neededat ead intermediate activity
for estimating the ideal weights w . Perhaps the w
satisfy relations which allow for fewer samplesto infer
them.
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