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Abstract

We consider the minimum cost spanning tree problem un-
der the restriction that all degrees must be at most a given

valuek. We show that we can ef ciently nd a spanning
tree of maximum degree at mést 2 whose cost is at most

The goal of this paper is to prove a weaker version of
this conjecture wittk + 1 replaced by + 2; the original
conjecture remains open.

Theorem 2. The polynomial-time algorithm described in
Figure 1 returns a spanning tree of maximum degrele+2

the cost of the optimum spanning tree of maximum degregvhose cost is at mo@P T (k).

at mostk. This is almost best possible.

The approach uses a sequence of simple algebraic, poly

hedral and combinatorial arguments. It illustrates many
techniques and ideas in combinatorial optimization as it
involves polyhedral characterizations, uncrossing, oiatr

intersection, and graph orientations (or packing of span-

ning trees). The result generalizes to the setting where ev-.
ery vertex has both upper and lower bounds and gives then
a spanning tree which violates the bounds by at most two
units and whose cost is at most the cost of the optimum
tree. It also gives a better understanding of the subtour

relaxation for both the symmetric and asymmetric traveling
salesman problems. The generalizatioh-talge-connected
subgraphs is brie y discussed.

1 Introduction

The Minimum Bounded Degree Spanning Tree
(MBDST) problem is given an undirected graph
G = (V;E), costsc : E ! R (not necessarily non-
negative) and an integdr 2, nd a spanning tree of
maximum degree at most and of minimum cost. For
k = 2, this is the Hamiltonian path problem. The problem
is NP-hard for any giverk. We denote byOP T (k) the

This improves upon the results of Kbnemann and Ravi
[18, 19] and of Chaudhuri et al. [3]. The latter one is cur-
rently the best known result and produces in polynomial
time a tree of cost at mo€P T(k) whose maximum de-
gree isbk+ 2(b+ 1)log, n whereb > 1. Chaudhuri et
al. also give aquasi-polynomiaktime algorithm produc-
ing a tree of cost at mosDP T(k) and of maximum de-
greek + O(log n=log logn). Ravi and Singh [24] consider
a slight variant of MBDST in which the goal is to mini-
mize the maximum degrde of a minimumspanning tree
in a weighted graph. They describe an algorithm to nd a
minimum spanning tree of degree at mkst+ p wherep
is the number of distinct costs in any minimum spanning
tree. Our result actually implies that we can nd a mini-
mum spanning tree of maximum degtee+ 2. We should
also point out that Furer and Raghavachari [9] consider the
version without costs and provide an algorithm returning a
tree of maximum degree at mast+ 1 in a graph with a
tree of maximum degrele; a different algorithm (growing
such a tree starting from a vertex) was also discovered by
the author in 1991 but never published.

As Theorem 2 is surprisingly simple to present and ana-
lyze, we sketch it in this introduction.

Without the degree restrictions, the classical minimum
spanning tree problem (MST) is the prototypical problem

minimum cost of any spanning tree of maximum degree Which the greedy algorithm solves exactly in polynomial

K.
In 1991, we formulated the conjecture:

Conjecture 1. In polynomial time, one can nd a span-
ning tree of maximum degreek + 1 whose cost is at most
OPT(k), the minimum cost of any spanning tree of maxi-
mum degree k.

Research supported in part by NSF contract CCF-0515221 &tk O
grant NO0014-05-1-0148.

time. More generally, the greedy algorithm allows to nd
a minimum-cost baga maximum cardinality independent
set)in any matroidM = (E; ) with ground setE and
family of independent setd . In the case of the MST, the
corresponding matroid is the graphic matr®d G) whose
independent sets are all forestsGnand whose bases are

1ForM to be a matroid] needsto be suchthat@ 21 ,B A
imply thatB 2 1 and (i)A;B 21 ,jAj > jBj imply that there exists
e2 AnB withB [f eg2] .



all spanning trees i6. One of the fundamental results in
combinatorial optimization is that one can even optimize
ef ciently over the sets which are independenttimo ma-
troids (Edmonds [8] and Lawler [21]), or over the common

bases of them, or over the bases of one matroid and the in-

dependent sets of the other. This is knowmreroid inter-
section

If the edge sets of maximum degree at miostere the
independent sets of a matroid, we could solve MBDST in
polynomial time by matroid intersection, but of course they
are not. To attack the conjecture, we cotdthx the prob-
lem and try to construct a matrold ° whose independent
sets contain all subgraphs of maximum degree at knast

also other sets (whose maximum degree is not too large)mplies that the cost of the tréle, ¢(T) =

main step is then to construct a matrtdid with ground set
E with the following properties:

(i). x canbe seen as a convex combination of independent
setsinM

(ii). everyindependentsetM has maximum degrdet

Using matroid intersection, we can nd in polynomial time
a minimum cost spanning trdewhich is also independent
in M . By (ii), this means thaT has maximum degree

k +2. Furthermore, from the polyhedral characterization
of matroid intersection (Edmonds [6]), Qe can see that (i)
e27 Ce, IS UP-

and then use matroid intersection to nd a spanning tree of per bounded bgex,, which is a lower bound o®P T (k).

minimum cost which is also independent fdr’. However,
this “matroid relaxation” would fail to prove Conjecture 1
as one can see that, for a general gréghany such ma-
troid M °would also contain independent sets of maximum
degree at leasgtk=2 (and probably even higher).

1. Solve the LP relaxatiofLP ) and obtain an ex
treme pointx  with support .

2. OrientE into a directed grap® with maxi-
mum indegree at mo&t

3. Find a spanning trek of minimum cost such that
T\ 2 (v) kforallv2V.

Figure 1. The algorithm for Minimum

Bounded Degree Spanning Trees.

Instead, our approach proceeds as follows (see Figur
1). We start by formulating a classical linear programming
relaxation for the MBDST problem:

X
Min ¢(x) = CeXe
e
subject to:
x(E(S)) j S 1 S V()
(LP) X(E(V))=jVi 1 (2)
x( (v)) k v2V (3
Xe O e2E; (4
wherex(F) = e F Xe, (V) are the edges incident to

v andE (S) are the edges whose endpoints are botB.in

€

The core of the approach is therefore in deriving the ma-
troid M , which depends on the extreme paintor, more
precisely, orE . For this, we rst study properties of any
extreme point. From standard uncrosgirsgguments as
applied to relaxations of many combinatorial optimization
problems (see e.g. [4, 1] for the TSP), one can easily derive
that jE | 2n 1 wheren = jVj. One of the contri-
butions of this paper is to observe that a simple algebraic
argument implies that, for any set  V, we have that
JE (U)j 2jUj 1,whereE (U) denotes the set of edges
entirely withinU. We can even improve this slightly to

(5)

This property allows us to derive that the supp@rt of

X can be oriented inté\ such that the indegree iA

of any vertex is at most 2. Indeed, by a classical result of
Hakimi [13], such an orientation exists if and only if, for
everyU V, one hagE (U)j] 2jUj (this follows eas-

ily from the max ow/min cut theorem or matching theory;

JE (U) 2jUj 3foranyu V:

also there is nothing special about the number '2', it can
be replaced by). The existence of the orientatigh can
also be derived by realizing thEt can be partitioned into

2 forests, and orienting each of them with all indegrees at
most 1; indeed, Nash-Williams [23] shows that the graph
(V; E ) can be partitioned into 2 forests (regpforests) if
andonly ifiE (U)j] 2(jUj 1)foranysetU V (resp.

JE (U)j p@(Uj 1)). (As an aside, the slightly stronger
condition (5) is precisely the independence condition in 2-
dimensional rigidity matroids, see Laman [20].)

Once we have the orientatioh of E such that the
indegree of every vertex is at most 2, the construction of
the matroidM = (E ;| ) is rather straightforward. We
de ne it as apartition matroid with independent sets:

Constraints (1), (2) and (4) form the spanning tree polytope
(Edmonds [7]), the convex hull of all spanning tree<an |
We solve the relaxation (see Section 2 for details) to obtain
one of its extreme points with ¢(x ) OPT(k). Let
E = fe2 E :x, > 0g denote the support of . The

=fF E :jF\ L (v)j kforallv2Vg;

2Uncrossing is a fundamental technique in combinatoriaihtipation
and many results follow from it, including matroid interten (and many
generalizations of it) or the Lucchesi-Younger theorem.



where » (v) denotes the set of edgesBf leavingv in
the orientatiolA . This is a partition matroid as the sets
» (v) are disjoint. Observe that (i) follows from the fact
thatA has indegrees at most 2, while (i) follows from the
fact that the convex hull of independent sets of the partitio
matroidM is simply given byfx : x( » (v)) k forall
v2V;Xxe Oforalle2 E gand therefore contains in the
set of solutions to (3) and (4).

othertight setsS\ T andS[ T. A laminarfamily L is a
family of sets with no pair ofntersectingsets, i.e. for any
twoS;T 2L wehavetha8 TorT SorS\ T-=;.
Standard uncrossing arguments (see Hurkens et al. [16],
Cornugjols et al. [4], Jain [17], Melkonian and Tardos [22]
for details and illustrations) then show that we can obtain a
laminar subfamilyL of the familyF and a subsef of W
such that the systedix = bconsisting of

The remainder of this extended abstract is structured as

follows. In Section 2, we provide details of our algorithm,
proof of Theorem 2 and several remarks. In Section 3, we
generalize our result to the setting in which every vertex

shows that we can relax these bounds by 2 units and obtai
a spanning tree of cost no worse than optimum. In Sec-
tion 4, we conjecture a property of extreme points of the
relaxation that would imply Conjecture 1. The next two
sections shed some new light on the Held-Karp relaxation
for both the symmetric and asymmetric traveling salesman
problem; these results may prove invaluable in obtaining
improved approximation algorithms for these problems. Fi-
nally, the last section deals with the generalization-to
edge-connectivity.

2 Main result, Details and Proofs

The Uncrossing of Tight Sets. Let x be an extreme
pointto (1)—(4). By de nitionx is uniquely determined by
thetight constraints in the system, those satis ed at equal-
ities. For any equalitk, = 0, we can remove the edge
e and focus on the remaining suppé&t. LetF fS:
x (E(S)) = jSj 1g refer to the tight contraints among
(1)-(2), and letW = fv 2 V : x ( (v)) = kg refer to
the tight constraints among (3). For any et E, let

(F) 2 RIEI denote the characteristic vectorff

Lemma3.IfS;T2F andS\ T 6 ; thenS\ TandS[ T

are both inF, and furthermore (E(S)) + (E(T)) =
(B[ TH+ (E(S\ T).

Proof. AsS\ T 6 ;, we have that:

iSj 1+jTj 1 = jS[Tj 1+jS\Tj 1

X (E(S[ T)+ x (E(S\ T))
x (E(S)+ x (E(T))
= jSj 1+]jTj 1
and therefore we have equality throughout. This implies
thatS[ T andS\ T are also tight and furthermore that
there are no edgesbetweerSnT andT n S with x, > 0.
This shows the linear dependencge (S)) + (E(T)) =
(E(S[ T)+ (E(S\ T). O

Lemma 3 show that i§ andT intersect(i.e. SnT,
T nSandS\ T are non-empty) then one can derive two

x(E(S))
x( (V)

is of full rank (and hence uniquely de nes). Observe that

S
k

1 S2L

v2T

]no singleton sets belongtoas the corresponding equalities

re vacuous. The rows & are (E(S)) forS 2 L and
( (v)) forv 2 T, all restricted to the suppoi .
For completeness, Jain's argument is included below.
For afamilyT 2V, letspan(T) denote the vector space
spanned by (E(S)) forS2T.

Theorem 4 ([17]). If L is a maximal laminar subfamily of
F thenspan(L) = span(F).

Proof. LetL be a maximal laminar subfamily &f and as-
sume that (E(S)) 2 span(L) for someS 2 F . If there
are several such se® choose one that intersects as few
sets ofL as possible. Supposg intersects som& 2 L
(otherwiseS can be added th, contradicting maximality).
From Lemma 3, we have th&8\ T andS[ T are alsoirF
andthat (E(S))+ (E(T))= (E(S[ T)+ (E(S\
T)). This means that either(E(S[ T)) 2 span(L) or
(E(S\ T)) Zspan(L). In either case, we have a contra-
dictionasS[ T andS\ T intersect fewer sets froin (as
L is laminar). O

Size of a Laminar Family. A laminar family (without the
empty set) on a ground sék of sizen has cardinality at
most2n 1 (by induction om, and summing over the max-
imal proper subsets df in the family). Furthermore, the
inductive argument shows that this bound is attained only if
bothU and two complementary sesandU n S are in the
family; S andU n S are the two maximal proper subsets of
U in the family. If the laminar family has no singleton sets
then the maximum cardinality of such a familyns 1.

Everywhere Sparse. The classical argument at this point

is to observe thaiE j = jLj + jTj and since a laminar
family L with no singleton sets has at most 1 sets, we
have thafE j = jLj +jTj n 1+n=2n 1land
thus is rather sparse. The novelty here is to use a simple
algebraic argument to show thamy induced subgrapbf

E is sparse.

Theorem 5. For any setU
2iUj 1.

V, we havgE (U)j



Proof. Let B be the submatrix oA consisting of all the ~ The Orientationof E . As discussed in the introduction,

columns ofA corresponding to edges B (U). SinceA Theorem 5 implies th& can be oriented into the directed
is of full rank, we have thatank (B) = jE (U)j. We will graph(V; A ) such that the indegree of every vertexAin
now get an upper bound on the (row) rankBby comput- is at most 2. This follows from:

ing the number odlistinct non-zergows ofB.

Theorem 7 (Hakimi [13]). An undirected graphG =
(V; E) can be oriented into a directed gragv; A) with
indegree of vertey at mosti(v) for everyv 2 V if and
only if[E (U)j pyi(v)forallU V.

Rows ofB corresponding to verticas2 T are identi-
callyoifvzUas (v)\ E (U)= ;. ThusonlyjUj
rows ofB corresponding to vertices ih are non-zero.

Rows ofB corresponding to setS 2 L depend only

onS\ U (askE (U)\ E (S) = E (S\ U)) and This orientation result can be easily derived from
furthermore are identically 0 jiS\ Uj 1. Thusthe Konig's Theorem for bipartite matchings (in the bipartite
number ofdistinct, non-zersows ofB corresponding  graph withE as one side of the bipartition(v) copies of

to setsS 2 L is upper bounded by the cardinality of vertexv on the other side, and edges betwéeyv) 2 E
Ly=fS\VU:S2L andjS\ Uj 2g. AsLy is and every copy afi andv), from the max ow/min cut theo-
alaminar family of2Y with no singleton sets, we have rem or from matroid intersection. Theorem 6 and Hakimi's
thatjiLyj j Uj 1 result actually show that we could choose three vertices

Over both types of rows, we get that the total number of a, bandc and impose that theY have indegree at most 1
distinct non-zero rows is upper boundedjby + jUj 1= (i() = 1) while all the other vertices have indegree at most
2.

2jUj 1, proving the result. ) )
There are alternate ways to nd the orientation. One

This result can be slightly improved, although this is not s presented now and another one at the end of this sec-

necessary for deriving Theorem 2. tion. Theorem 6 implies th& can be partitioned into two
Theorem 6. For any setU V, we havgiE (U)] forests by Nash-Williams' theorem [23] or [25, Chapter 51]
2Uj 3. (or, once again, by matroid intersection!). We can then ori-

ent each forest to insure that every indegree in any of these
two forests is at most 1, resulting in an orientatidn of
maximum indegree 2. (Here, we can impose that two ver-
tices have indegree 1, or one has indegree 0.)

Proof. We continue the proof of Theorem 5 and use a better
bound for the rank than simply the number of distinct non-
zero rows. First observe that in order to hgke (U)j =
2jUj lor2jUj 2weneedtohaveeitherl)yj=juj 1
andjiT\ Uj j Uj ZLor(i)jLyj j Uj 2andU T.
There are two linear relations we exploit. First, The Matroid M . We de ne the independence system
2 (E (U)) = X ((W\ E (U)): M =(E ;I ) by the following independent sets:

vy | =fF E :jF\ I (v kforallv2Vg;
Secondly, forany s U, we have that
(E (U)+ (E (9) (E (UnS)) where ;'\ (v) denotes the set of (undirected) edgesof
_ X \E (U): 6 leavingv in the orientatiorA . As the sets, (v) are dis-
- ) (v (L)) (6) joint, this de nes a partition matroid. As every vertex has
'

_ o indegree at most 2 iA , we obtain the following.
This means that we lose one unitin our bound on the rank

whenever all the sets in one of these relations are present. _Lemma 8. LetF 21 be anindependentsetM . Then
In case (i), it means that siné¢ T, we lose one unit  every vertex has degree at mést 2 in F.
in the rank whenevdd 2 Ly and a second unit whenever

two complementary seS andU nS are alsoinLy. As a If we use an orientatio’ in which the indegree of 3
laminar family of2Y with no singleton sets, withowt and vertices is constrained to be at most 1 (as is possible by
without two complementary sets has size at mogt 3, Hakimi's result) then we obtain that these three vertices
we obtain the claim in case (ii). have degree at mokt+ 1 in any independent sét 2 |

On the other hand, for case (),uj = jUj 1implies Our algorithm uses matroid intersection to nd in

thatU 2Ly andthereisas&2 Ly withUnS 2 L y. (6) polynomial-time (see 'Algorithmic Considerations' below
implies thatat mogiSj  1of ( (v)\ E (U)) forv2 S for details) the minimmum cost s&t which is both a base
are linearly independent with all(E (T)) for T 2 Ly, of the graphic matroid/l ((V;E )) de ned onE and an

and similarly forS replaced byJ nS in (6). This decreases independent set iM . T is therefore a spanning tree of
the bound on the rank by two units. O maximum degree k + 2.



Analysis. We are now ready to prove Theorem 2. For any Proof. Q(k) is a relaxation ofP (k), and henceP (k)

matroidM = (E; ), the independent set polytopgM ) Q(k). We have shown that for an extreme pointof Q(k),
is de ned as the convex hull of the characteristic vectors of we have thak 2 B(M (V;E ))\ P(M ) P(k+2),
independent sets and is given by [7, 6]: and therefor®(k) = conv(fx g) P(k+2). O

P(MM)=fx2RE: x(F) r(F) F E
Xe O e2 Eg; Algorithmic Considerations. Optimizing over (1)-(4)

can be done in polynomial time. This can be done, for ex-
wherer(F) = maxfijuj : U 2 | andU Fgis the ample, by using the ellipsoid algorithm as the separation
rank function of the matroid. Similarly, the convex hull problem over (3) is clearly polynomial while the separa-
of characteristic vectors of the baseshf, or base poly-  tion over the base polytope (1), (2) and (4) of the graphic
tope B(M), is given by the face oP (M) induced by matroid can be done in strongly polynomial time (for any
X(E) r(E),ie.B(M)= P(M)\f x:x(E)= r(E)g. matroid, not just the graphic matroid) by an algorithm of
For example, thespanning tree polytoper base polytope  Cunningham [5] (see also [25, Section 40.3]). An alterna-
B(M(V;E )) of the graphic matroidM (V;E ) can be tiveis to derive a compact formaulation of the spanning tree

seen to be given by (1), (2) and (4) (withrestricted tcE ). problem (by bidirecting edges and using a ow reformula-
Similarly, the independent set polytopéM ) of matroid tion) and using any polynomial-time algorithm for linear
M s given by programming. Yet another approach is to use Lagrangean
. relaxation.
PM)=1x: x(4A () k v2V @ The orientation oE with maximum degree at most 2
Xe O e2E: can be done by nding a maximum matching in a graph

with O(n) vertices where = jVj (asjE j = O(n)) and
O(n) edges, and therefore can be obtaine@{n'"°) time.

For our matroid intersection, we can exploit the fact
that one of the matroids is a partition matroid. Brezovec,
Cornuéjols and Glover [2] present an algorithm for pre-
cisely this case and even specialize it when the other ma-
troid is a graphic matroid. In that setting, the complexity o
their algorithm isO(nm + n2p + np?) wherem = jJE j
andp is the number of sets de ning the partition matroid;

Observe thax belongs to bottB (M (V;E )) andP(M )
(as (7) is implied by (3)).

Edmonds [6] shows that the convex hull of independent
sets common to two matroids is precisely the intersection
of their independent set polytopes (and similarly if we take
the base polytopes). This implies that the convex hull of
spanning trees & that are independentftd is de ned
byB(M(V;E ))\ P(M ):

fx: x(E(S)) jSf 1 S V in our case (asn = O(n) andp = O(n)), this gives
X(E(V)=jVvj 1 O(n3). We can also exploit the fact that our matroids (both
X(a (V) Kk v2V the graphic and the partition matroids) are linear and use
Xe O e2E g an ef cient matroid intersection algorithm for linear ma-

troids due to Gabow and Xu [10]. Their running time is
The characteristic vector of the spanning tieeeturned O(mr 77 log(nW)) wherer is the sum of the ranks of the
by our algoritm is thus an optimum solution to the linear matroid and/V is an upper bound on the largest cost; in our
programminf  cexe 1 x 2 B(M(V;E )\ P(M )g. setting, this give©(nZ77 log(nW)). If W is small, we can
As x s also a fegsible solutign to this linear program, we a|so use a recent algorithm of Harvey [14] for the linear case
have that(T) = = ;7 Ce eCeXe OPT(k),and  whose running time i©(mn38W), or O(n238W) in our
this completes our proof of Theorem 2. case.

The use of a weighted matroid intersection algorithm is

Polyhedral result. Our result can also be restated polyhe- actually not completely necessary. Indeed, we can simply
drally. return an extrggme point& (M (V;E ))\ P(M ) whose

Corollary 9. LetQ(k) be the polytope de ned by (1), (2), iCnOStxIS :; rgocsgn\secixgc;m-rbrillfaggz 2fe gf?:reaft)e/zr?seti?\r?epc?s;s
(3) and (4), and leP (k) be the convex hull of characteris- 9

; , ; of spanning trees which are also independemin. This
tic vectors of spanning trees of maximum degree at ost . L .
Then can be done in strongly polynomial time by an algorithm of

Cunningham [5].
The bottleneck for our algorithm is actually to solve the
In other words, any convex combination of spanning linear program in order to obtai . Observe, however, that
trees such that the average degree of any vertex is at mospur algorithm as stated does not needbut only needs to
k can be viewed as a convex combination of spanning treesknowE (or a superset of it guaranteed to be orientable with
each having maximum degreek + 2. maximum indegree 2). We would like to raise the question

P(k) Q(k) P(k+2):



of whether a fast “combinatorial” algorithm can be designed implies thatE; must be a forest (as there must be precisely
which only nds E (and notx ). This is an interesting oneedgeiE1(S)n[ 1 st2. E1(T) foreveryS2L)and

open question. that (i) implies that every connected componenEgfis ei-
ther a tree or a tree plus an edge (i.e. a unique cycle with
The orientation revisited. The orientatio’A of E with ~ trees attached to it). Thus, bdh andE; can be oriented

all indegrees at most 2 can also be obtained purely alge-such that the indegree of every vertex is 1, and this gives

braically (instead of using for example bipartite matclsing ~ an orientatiorA of E  with indegrees at most 2 for every

This is sketched below for completeness. This is not nec-Vertex.

essary for the bounded degree spanning tree result and can

therefore be skipped. Maximum degree of an MST. Ravi and Singh [24] con-
For a matrixA, row index set , column index sel , we sider the problem of minimizing the maximum degree of a

denote byA[l; J ] the submatrix induced by the rows in minimum spanning tree (MST) in a weighted graph. Our

and the columns id. approach also applies to their setting. Cetbe the cost of

an optimum spanning tree (of any maximum degree). Con-

sider the optimum face of the spanning tree polytope; this

face is de ned by

Lemma 10. Let A be a nonsingular matrix with row index
set and column index s@t] = f1;2 ;ng. Then, for

any partitionfl1;12; ;1xgof[n], there exists a partition X
fJ1;J2;  ;Jkg of [n] such thatA[l,; Jp] is nonsingular F = fx 2 REI : (1):(2): (4) and ceXe = C g
forp=1; k. T

e

Proof. The result is an easy consequence of the matroid
union theorem (see [25, Corollary 42.1a]). Another ele-
mentary proof goes as follows. First, by induction, we can
assume that = 2. By the generalized Laplace expansion
(Laplace, 1772), we have that, for ahy [n], we can ex-
pressdet(A) as:

X

By binary search, one can nd the smallest inte@ez N

suchthaf \f x : x( (v)) Kforallv2Vgs ;.Clearly

K is a lower bound on the smallest maximum degree of any

MST. Furthermore, fok = K, we know that the optimum of

the linear prograniLP ) given in the introduction has value

precisely equal t&€ (by de nition of C ), and our algo-
sign(l; J ) det(A[l; J ]) det(A[[n]nl; [n]nJ]); rithm given in Figure 1 outputs a tree of maximum dggree

3 [gdisil] R+2 k +2 andof cost less or equal ® . Thus it

outputs an MST with maximum degree at mkst+ 2.

for suitably de nedsign(l;J) 2 f +1; 1g. Asdet(A) 6

0, there must be an index sétwith det(A[l;J]) 6 0 and 3 General Upper and Lower Bounds

det(A[[n]nl; [n]nJ]) 6 0, proving the lemma. O

The partitionfJ1;J,;  ;Jkg can be found ef ciently _ The approach also works for the case in which we are
as follows. Assume, by induction dn that we have an  given upper and lower bounds on the degree of every vertex
nonsingu|armatrix A9 obtained fromA by rep|acing ev- in the spannlng tree. In the General Minimum BounQed
ery entry of columnj | 1 by O except those corre- Degree Spanning Tree (GMBDST) problem, we are given

sponding to precisely one of thg's. As the determinantof @ graphG = (V;E), costsc: E ! R and degree bounds
A%is linear as a function of the entries of colurthere U : V' ! Nandl : V ! N, and the goalis to nd a
must be an indep such that replacing every entry of col- spanning tre€l’ such thati(v)  dr(v)  u(v) for all
umnl by 0 except those in thh] gives a nonsingu|ar ma- V 2 V and of minimum cost. An extension of our algorithm
trix. This completes the inductive step. The nal matAR gives:

is block diagonal and its nonsingularity implies that every
block A9l ;3] = Allp; Jp] is nonsingular. This shows
that by simply checking linear independence, we can nd a
partitionf J1;J2;  ;Jkgas stated in Lemma 10.

We apply Lemma 10 for the MBDST in the following
way. Consider the nonsingular matix de ning the ex-
treme pointx . Letl; be the index set of the rows &f Proof. To derive this, we rst solve the LP relaxation to
corresponding to (E(S)) for S 2 L andl, those corre-  obtain an extreme poimt with supporte .

Theorem 11. There exists a polynomial-time algorithm
which outputs a tred@ satisfying the weaker degree bounds
I(v) 2 dr(v) u(v)+2 forallv2 V and of cost

at most the cost of the optimum tree satisfying the original
degree bounds.

sponding to ( (v)) forv 2 T. Lemma 10 shows thdt X
can be partitioned int&, andE, such that (i) (E1(S)) Min c(x) = CeXe
for S 2 L are linearly independent and (iiY g,(v)) for e

v 2 T are linearly independent. It is easy to see that (i) subject to:



x(E(S)) j S 1 S V
X(E(V))=jvj 1

x( (v))  u(v) v2V (8)
x( (v)) (V) v2V (9)
Xe O e2 E:

The analysis follows from the description Bf Indeed,
X satis es all inequalities describing; for (10), we have
that
X (A () x(v) 2 iv) 2
Eherefore, the cost off, ¢(T) is upper bounded by
o2 CeXe and thus by the optimum value. O

Notice that among the tight sets, we need to consider at most

one of (8) or (9) for a given vertex. So, from uncrossing
and Theorems 5 or 6, we derive that can be oriented into

4 Towardsk +17?

A so that every vertex indegree is at most 2 (and we could One could try to improve the degree bound fram 2

again impose that the indegree of 3 vertices be at most 1).
Now, we can nd a minimum cost spanning trdein
(V; E ) satisfying

1(v)

for all v 2 V. For this purpose, we rst de ne a (gen-
eralized partition) matroid? = (E ;') whose bases are
precisely all subgraphs of cardinality 1 satisfying (10).
The independent sets of our matréfdare

2 TV A Wi uw); (10)

f = fF XE SF\ (W) u(v)forallv2 Vv
and  max(I(v) 2ZjF\ 1 j) n 1g
'
An independent sdét of cardinalityn 1 satis es
X
n 1 = jFj= jF\ A (V)]
v
max(I(v) 2jF\ A (Vj) n 1

\

with equality throughout and thus satis es (10).

We can now nd a spanning tree in (V; E ) satisfying
(10) by nding a common base between the graphic ma-
troid on E  and matroidW . Again, this is precisely the
problem that the algorithm of Brezovec et al. [2] applies
to, and therefore we can nd i®(n®) a spanning tre& of
minimum cost satisfying (10).

Polyhedrally, the convex huR of characteristic vectors
of spanning trees satisfying (10) is given by:

g X(E(S) jSi 1 S V %
 x(E(V)=jvj 1 =

P=_x2RET: x(x (V) uv) v2V :
3 X(a (M) Iv) 2 vav 3
’ Xe O e2E

This can either be proved by using the connection to matroid

intersection discussed above (and the generalized partiti
matroid) or more simply by observing that any extreme
point of P is also an extreme point of the polytope of com-

mon independent sets to a graphic matroid and a partition

matroid whose independent sétssatisfyjF \
b(v) whereb(v) is suitably chosen ifil (v)

T (V)]
2;u(v)g.

to k + 1 and prove Conjecture 1. One possibility would
be to prove additional properties of any extreme paint
and use a different matroid in place Wf . In particular,

if Conjecture 12 below was true (and the orientation could
be obtained ef ciently!) then this would settle Conjectdre
positively.

Conjecture 12. For any extreme point to (1)—(4) with
supporte , there exists an orientatioh of E such that

X
@

e2 , (v)

x,) 1 (11)

forallv2 V.

Whenever there exists an orientation satisfying (11), we
can get a spanning tree of maximum degkee 1 and of
cost at mosOP T (k) by using the matroidt = (E ;I
with
F=fF E :jF\ x (v)j dx (x (v)eforallv2 Vg:

Indeed, for arF 2 I, we have:

JF\ (V)]

= JF\ A Wi+ jF\ A (V)]
j y(V)HdX(Z(V))e

= (I X)*+x (5 (M)+ (a1 (Ve
e2 , (v)

< 1+k+1=k+2;

the last inequality following from (11), (3) ardye<y +1.
Asthe degregF\ (v)j of vis aninteger, it must be at most
k+1.

5 Symmetric TSP and the Subtour Polytope

The approach is quite general and applies to many other
settings where uncrossing can be applied. For example,
consider the subtour polytope of the symmetric traveling
salesman problem:

9

< . ox((s) 2 s V=
SUB= x2RE: x((v))=2 v2Vv

' Xe O e2E



Held and Karp [11, 12] show that any point®U B can be introduced by Held and Karp [11]. Held and Karp have de-
viewed as a convex combination bftreessuch that every ned a 1-arborescence (sometimes called directed 1-tree) i
vertex has average degree 21Areeis a spanning tree on  a directed graplV; A) as a directed subgraph whose undi-
V nflgtogether with 2 edges incident to vertex 1 (for some rected counterpart is a 1-tree and with indegree equal to 1
xed vertex 1). The family of 1-trees forms the bases of a at every vertex; so these are the common bases to two ma-

matroidM ¢;. troids, the 1-tree matroitll ;; and a partition matroitl i, .
The approach developed here leads to the following re- Held and Karp show that any solution to:

nement: 8 9

. ) x(*(S) 1 S Vzx

Theorem 13. Any point inSUB can be decomposed into a 3 x( (V) =1 V2V -

. . . - JiAj .
convex combination of 1-trees, each of maximum degree 4ASUB 5 X 2 R x( (V)= x(*(V) v2V 3
O ’

such that every vertex has average degree 2. Xe e2 A

Again, we believe that the bound of 4 on the degree can
be replaced by a bound of 3. The proof below actually €@n be decomposed as a convex combination of 1-
shows that we can impose the degree of 3 on any 3 vertice@rborescences of average outdegree 1. Hewgnotes the
of V. arc set of our directed gragh; A).

Theorem 13 can be proved in the same way as our Similar to Theorem 5, we can prove the following prop-
MBDST result. First, any extreme poirt of SUB can  erties of extreme points #SUB.

be uniquely determined by Theorem 15. For any extreme point of ASUB with sup-

x((S)=2 S2L portA , we have that
Xe =0 e2E
whereL is a laminar family as was shown by Cornuéjols et AU 3u 4
al. [4]. As mentioned earlier, a laminar family on a ground for agnyu V.
set of sizen, without the entire set and without two com-
plementary sets (which would give the same equality) hasProof. If S;T are such thak ( *(S)) = x ( (T)) =1
at most2n 3 sets. The same argument as in Theorem 5withS\ T 6 ; andS[ T 6 V thenS\ T andS[ T also give
(as (S)\ E (U)= (S\ U)\ E (U))then shows that tight cuts and furthermore there are no aeasith x, > 0

. . - ] betweenS nT andT n S (in either direction). From the

IE (U 2u) 3 standard uncrossing argument, we then get that any extreme
foranyU V. HenceE can also be oriented int& pointx with supportA can be de ned by a cross-free
such that the indegree of any vertex is at most 2. Again family C(i.e. forS;T 2 C, eitherS T,orT  Sor
we can de ne a partition matroith whose independent S\ T =; orS[ T = V) of linearly independent tight cuts
setsF satisfy: jF \ 1 (v)j 2forallv 2 V. Instead X ( "(S)) =1 aswellasm 1 ofthe balance constraints
of considering 1-trees, we can considestricted 1-tree§ (we can discard one of the balance constraints since they are
which are de ned to be independentifi . Observe that  not all linearly independent).
any restricted 1-tree has maximum degree at most 4. As By adding the balance constraints (6) oveR S, we
x belongs to the matroid polytope fot (and to the base ~ can derive thak ( *(S)) = x ( (S)) and therefore (by
polytope forM 1;), we have that can be decomposedinto complementing) we can assume that none of the se@ in
a convex combination of restricted 1-trees such that everycontain a given vertex. ThusCis now alaminar familynot
vertex has degree 2 on average, proving Theorem 13. containingV and not containing two complementary sets,

Algorithmically, we can use matroid intersection to nd and therefore has cardinality at m@t 3. This implies

a restricted 1-tree of minimum cost in polynomial time, and thatjA j 2n 3+n 1=3n 4, aslightimprovement
this shows: over the bound 0Bn  2in Vempala and Yannakakis [26].

. . : If we restrict our attention to the arcsAn (U), our tight
Corollary 14. For any instance of the symmetric traveling cut equalities again lead to row vector§ * (S)) which

salesman problem, one can nd in polynomial time a 1-tree are idential to ( *(S\ U)) overA (U). Similarly for

of maximum degree 4 and O.f (.:OSt less or equalto the SUbtourthe balance constraints (6). Therefore, the reader can ob-
bound (and hence of the minimum cost tour).

serve that the same argument as in Theorem 5 shows that
: jA (V)i guj 4 O
6 Asymmetric TSP
This meansthah can be “reoriented” int® such that
The same approach can also be applied to a classical rethe new indegree i© is at most 3 (in addition, we have
laxation of theasymmetridraveling salesman problem also up to 4 units to play with; for example we can impose that



the indegree of 2 given vertices is at most 1). Reorienting
means that an arn@;v) 2 A may now becomév; u) 2

O . This reorientation gives a way to assign each(are)
either tou or v but not both. We now de ne a new matroid
M whose independent sdtssatisfy

JFV oMV 2 i 1 (12)

and
JFV 6 MV A i 1 (13)

forall v 2 V. This is again a partition matroid (withn
parts now). Observe that any extreme pointof ASUB
belongs to the independent set polytopd/bf. Therefore,
by Edmonds' polyhedral characterization of matroid inter-
section, we know that can be viewed as a convex combi-
nation of bases df1 ;; which are also independentih .

Now consider such a ba3eof M 1; which is also inde-
pendentinM . T is a (weakly) 1-tree (as a base ldfy;)
when viewed as undirected, and for every veitewe have
at most 1 outgoing arc from (12), at most 1 incoming arc
from (13) and at most 3 additional arcs (incoming or outgo-
ing) from arcs in 5 (v). So the total degree ofis at most
5, and its indegree and outdegree are at most 4. In summar
this shows the following.

Theorem 16. Any pointinASUB can be decomposed into
a convex combination of weakly 1-trees, each having (i)
maximum indegree 4, (ii) maximum outdegree 4 and

(iii) maximum total degree 5, such that every vertex has

on average indegree 1 and outdegree 1. Furthermore, we

can nd in polynomial time (through matroid intersection)
a weakly 1-tree of maximum total degree 5 and maxi-
mum indegree and outdegree 4 of cost less or equal to
the Held-Karp bound obtained by optimizing o8 UB.

7 |-edge-connectivity

The approach can also be applied to the problem of nd-
ing anl-edge-connected subgragh ( 2) with maximum
degree at modt and of minimum cost. However, the results

x( (S) | S V
x( (v)) Kk v2V
0 xe 1 e2 E:

Let x be an extreme point optimizing the above linear
program. LetE fe : 0 < x, < 1g and let
E;, = fe: X, = 1g. The uncrossing argument shows that
JE (U)] 2jUj 3foreveryU V and thereford
can be oriented int& such that all indegrees are at most
2. (E1, however, can have many edges; in fact it will have
atleasf(; 2)n edges.)

We now de ne two matroids both on the ground set
E [ Ei. Matroid M, is de ned as thebl=2c-fold union
(see Chapters 42 and 51 in [25]) of the graphic matroid on
E [ E1. Anyspanning sef for M (i.e. a set containing a
base) is thereforbl=2c-edge-connected. Furthermore, the
spanning set polytope [25, Corollary 40.2f] fier,, or the
convex hull of characteristic vectors of spanning sets, can
be shown to contair , and thereforex dominates (com-
ponentwise) an element of the base polytope dfl ;.

Matroid M, is a partition matroid similar toM for
MBDST except that we can take all &;; its collection

Yot independent sets is given by:

fF E [E1:jF\ 1 (V)] kj g, (v)jforallv2 Vg
Any independent set fdvl, has degree at mokt+ 2 and
furthermorex belongs to its independent set polytope (and
sodoesany X ).

Using matroid intersection, we can nd a minimum cost
baseT of M1 which is also independent iM ;. Its cost
will be upper bounded bg(y ) c¢(x ), and hence by the

optimum solution. We have thus shown:

Theorem 17. In polynomial time, one can nd &l=2c-
edge-connected subgraph of maximum degreekk + 2
whose cost is at most the cost of the optimisedge-
connected subgraph of maximum degree at rkhost

Acknowledgements

are weaker and therefore are only sketched in this section.

We should emphasize that we aret assuming the trian-

I would like to thank R. Ravi and Nick Harvey for stimu-

gle inequality (and not even assuming we have a complete|iing giscussions about this topic, Ravi over the lastefte

graph) or allowing multiple edges in the solution, since-oth
erwise the splitting off technique of Mader can transform
any solution into one with all degrees equal to | +1 with-

years and Nick over the last few months. | also indebted
to Nick for pointing out a few references and to Joseph
Cheriyan for suggesting to look at higher edge-connegtivit

out any increase in cost. We are assuming general costs, and

the restriction that an edge can be selected at most once.
A relaxation of the problem is given by the following

linear program:
Min  ¢(x) = CeXe

subject to:



References

(1]

(2]

(3]

S. Boyd and W.R. Pulleyblank, “Optimizing over
the Subtour Polytope of the Travelling Salesman
Problem”, Mathematical Programming49, 163-187
(1991).

C. Brezovec, G. Cornuéjols and F. Glover, “A Matroid
Algorithm and its Application to the Ef cient Solution
of Two Optimization Problems on Graphs¥athe-
matical Programming42, 471-487 (1988).

K. Chaudhuri, S. Rao, S. Riesenfeld and K. Talwar,

“What would Edmonds do? Augmenting Paths and [17]

Witnesses for degree-bounded MSTs”, APPROX, 26—
39 (2005).

[16]

[14] N. Harvey, “An Algebraic Algorithm for Weighted

Linear Matroid Intersection”, manuscript, July 2006.

[15] R. Hassin and A. Levin, “An Ef cient Polynomial-

Time Approximation Scheme for the Constrained
Minimum Spanning Tree Problem Using Matroid In-
tersection”, 2003.

C.A.J. Hurkens, L. Lovasz, A. Schrijver arifl Tar-
dos, “How to Tidy Up your Set System?”, irCom-
binatorics Colloquia Mathematica Societatis Janos
Bolyai, 52, North-Holland, 309-314 (1998).

K. Jain, “A Factor 2 Approximation Algorithm for the
Generalized Steiner Network Problen€ombinator-
ica, 21, 39-60 (2001).

[4] G. Cormnugjols, J. Fonlupt and D. Naddef, “The Trav- [18] J. Konemann and R. Ravi, “A Matter of Degree:

(5]

(6]

[7] J. Edmonds, “Matroids and the Greedy Algorithm”,

[8] J. Edmonds, “Matroid Intersection”, irDiscrete Op-

9]

[10]

[11]

[12]

[13]

eling Salesman Problem on a Graph and some Related
Integer Polyhdra”,Mathematical Programming33,
1-27 (1985).

W.H. Cunningham, “Testing Membership in Matroid
Polyhedra”Journal of Combinatorial Theory, Series
B, 36, 181-188 (1984).

J. Edmonds, “Submodular Functions, Matroids, and
Certain Polyhedra”, irCombinatorial Structures and
Their Applications Gordon and Breach, New York,
69-87 (1970).

Mathematical Programmingl, 127-136 (1971).

timization |, Annals of Discrete Mathematics 4, 39—49
(1979).

M. Furer and B. Raghavachari, “Approximating the
Minimum Degree Steiner Tree to Within one of Op-
timal”, Journal of Algorithms17, 409-423 (1994).

H.N. Gabow and Y. Xu, “Ef cient Theoretic and Prac-
tical Algorithms for Linear Matroid Intersection Prob-

lems”, Journal of Computer and System Sciences, 53,[24]

129-147 (1996).

M. Held and R. M. Karp, “The Traveling-Salesman
and Minimum Cost Spanning TreeDperations Re-
search 18, 1138-1162 (1970).

M. Held and R. M. Karp, “The Traveling-Salesman
and Minimum Cost Spanning Trees: Part IMathe-
matical Programmingl, 6—25 (1971).

S.L. Hakimi, “On the Degrees of the Vertices of a Di-
rected Graph”Journal of the Franklin Institute279,
139-154 (1965).

[21] E.L. Lawler,

(23]

Improved Approximation Algorithms for Degree-
Bounded Minimum Spanning Trees3IAM J. Com-
puting, 31, 1783-1793 (2002).

[19] J. Kénemann and R. Ravi, “Primal-Dual Meets Lo-

cal Search: Approximating MST's with Nonuniform
Degree Bounds”SIAM J. on Computingto appear.
Preliminary version in STOC 2003, pp. 389-395.

G. Laman, “On Graphs and Rigidity of Plane Skeletal
Structures”,Journal of Engineering Mathematigs
331-340 (1970).

“Matroid Intersection Algorithms”,
Mathematical Programming, 31-56 (1975).

[22] V. Melkonian andE. Tardos, “Approximation Algo-

rithms for a Directed Network Design Problem”, Pro-
ceedings of the 7th International Integer Program-
ming and Combinatorial Optimization Conference
(IPC0O'99), Graz, 1999.

C.St.J.A. Nash-Williams, “Decomposition of Finite
Graphs into Forest3,he Journal of the London Math-
ematical Society39, 12 (1964).

R. Ravi and M. Singh, “Delegate and Conquer:
An LP-Based Approximation Algorithm for Mini-
mum Degree MSTSs”, Proceedings of ICALP, 169-180
(20086).

[25] A. Schrijver, “Combinatorial Optimization: Polyheailr

and Ef ciency”, Springer, 2004.

[26] S. Vempala and M. Yannakakis, “A Convex Relax-

ation for the Asymmetric TSP"Proc. of the 10th
ACM-SIAM Symposium on Discrete AlgorithrBsil-
timore (1999).



