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Abstract

Explicit constructionof Ramsey graphsor graphswith
no large clique or independentset, has remaineda chal-
lengingopenproblemfor a long time. WhileErd�os' proba-
bilistic argumentshowstheexistenceof graphson

���

ver-
ticeswith no cliqueor independentsetof size

���

, thebest
explicit constructionsachieve a far weaker bound. Con-
structing Ramsey graphsis closely relatedto polynomial
representationsof Booleanfunctions;a low degreerepre-
sentationfor theORfunctioncanbeusedto explicitly con-
structRamsey graphs[17].

We generalize the above relation by proposinga new
framework. We proposea new de�nition of OR represen-
tations: a pair of polynomialsrepresenttheORfunctionif
the union of their zero setscontainsall points in ���
	���


�

excepttheorigin. We givea simpleconstructionof a Ram-
sey graph usingsuch polynomials.Furthermore, we show
that all the knownalgebraic constructions,onesto dueto
Frankl-Wilson [12], Grolmusz[17] and Alon [2] are cap-
turedby this framework; they canall bederivedfromvari-
ousORrepresentationsof degree �����

���

basedonsymmet-
ric polynomials.

Thusthebarrier to betterRamsey constructionsthrough
such algebraic methodsappears to be the constructionof
lower degree representations.Using new algebraic tech-
niques,weshowthat betterboundscannotbeobtainedus-
ing symmetricpolynomials.

1 Intr oduction

This paperstudiesa problemat theintersectionof com-
binatoricsandcomputationalcomplexity.

The combinatorialproblem is that of explicitly con-
structingRamsey graphs.Ramsey's theoremshowsthatev-
ery graphon

���

verticeshaseithera cliqueor an indepen-
�
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dentsetof size
�����

. In his seminal1947paperintroduc-
ing theprobabilisticmethod,Erd�osshowedthat thereexist
graphswith

���

verticeswhere �����

�

	������

�! 

�

�#"%$

���

���&�

[11]. He posedthe questionof constructingsuchRamsey
graphsexplicitly andoffereda prizeof '(���)� for it. This is
a centralopenproblemin explicit combinatorialconstruc-
tions; thebestknown constructionsto datearefar from the
probabilisticbound.The�rst breakthroughon thisproblem
wasdueto FranklandWilson in 1981[12]; their construc-
tion gives �*�+�

�

	&���+�

�, .-�/ ��0 132
�

. For over two decades,
therewasno improvementon this bounddespitemuchef-
fort. However therewereotherconstructionsknown dueto
GrolmuszandAlon [17, 2] thatachievedexactly thesame
bound,and also extendedto the problemof constructing
multi-color Ramsey graphs,which is to 4 -color the edges
of thecompletegraphso that thereis not largemonochro-
maticclique. At �rst sight,theconstructionof Grolmuszis
quitedifferentfrom thatof Alon andFrankl-Wilson, yet it
givesexactly the samebound. All threeconstructionsuse
algebraictechniques,though in different ways. Very re-
cently in 2006, the Frankl-Wilson boundwasbeatenby a
new constructiondueto Barak,Rao,ShaltielandWigder-
son[8] whichreliesonmachineryfrom pseudorandomness.

Thecomplexity problemis to provetight degreebounds
for polynomialscomputingBooleanfunctionsover 5#6 . A
centralopenproblemin circuit complexity is to show lower
boundsfor ACC, the classof circuits with And, Or and
Mod gates. As a �rst steptowardsthis goal, Barrington,
Beigel and Rudich (BBR) studiedpolynomial representa-
tions of Booleanfunctionsmodulo composites[9]. They
foundsurprisinglythatsuchrepresentationsaremuchmore
powerful over 5�7 than over 598 when : is prime. They
showed that the OR function canbe representedby sym-
metric polynomialsof degree ���

�

���

over 5
7 andproved

a matchinglower boundfor symmetricpolynomials.They
askedif betterrepresentationsexist usingasymmetricpoly-
nomials. TardosandBarringtonproved a lower boundof

;

�=<?>�@

���

[22]. This is thebestlower boundknown for any
function,despitemucheffort [16, 23, 15, 3, 10]. Themain



openquestionis whetherasymmetricpolynomialscangive
lower degreerepresentationsof symmetricfunctionsthan
symmetricpolynomials.

A surprisingconnectionbetweenthesetwo problems
wasdiscoveredby Grolmusz,who usedtheOR polynomi-
als of BBR to constructRamsey graphs[17, 18]. As an
intermediatestep,heconstructeda setsystemof size

���������

on
�

elementswhereall setsizesare � mod6 but all inter-
sectionsarenon-zeromod � , settlingan openproblemin
extremalset theory. He constructedRamsey graphsfrom
this setsystemandshowedthat lower degreeOR represen-
tationsmod6 would givebetterRamsey graphs.

	�
�	 ��
���������
������

Our work generalizesand extendsthe connectionbe-
tweenOR polynomialsandRamsey graphs.We proposea
new de�nition of anORrepresentation:a pair of polynomi-
als representtheORfunctionon

�

variablesif theunionof
their zero setscontainsall pointsin ���
	 ��


�

excepttheori-
gin. Wegiveasimpleconstructionof aRamsey graphfrom
suchrepresentations.This viewpoint basedon OR poly-
nomialsuni�es the constructionsof Frankl-Wilson, Alon
and Grolmusz: they can all be derived from variousOR
representationsof degree���

�

���

basedonsymmetricpoly-
nomials. Thus the barrier to betterRamsey constructions
throughalgebraictechniquesappearsto betheconstruction
of lower degreerepresentations.On one hand,sincethe
bestlower boundfor any of theserepresentationsis only

;

�=<?>�@

���

thereis thepossibilityof betterconstructions.On
theotherhand,we show that further improvementscannot
comefrom representationsusing symmetricpolynomials;
weprovean

;

�

�

���

lowerboundfor suchrepresentations.

1.1.1 RamseyGraphs fr om OR Representations:

Let ��� � �

�

	"!#!"! 	$�

�

�

denotea vectorof variablesand
%

� � &

�

	#!"!#! 	'&

�

�

denotea Booleanvector. The follow-
ing de�nition of Booleanfunction representationmodulo

( wasintroducedby BBR [9].

De�nition 1 Polynomial ) ���

�+*

5
6-,

�/. weakly repre-
sentsthefunction 0 mod ( if for %

	$1

*

� � 	 ��


�

, if 0 �

%

�-2

�

0 � 1

�

then ) �

%

�-2

3

) ��1

�54

>76

( .

We proposethefollowing de�nition of anOR represen-
tation.

De�nition 2 Polynomials ) �8�

�9*

5
8:,

�;. and < ���

�9*

5>=
,

�;. representtheORfunctionon
�

variablesif

) ��� 	#!#!"! 	3�

�

3

�

4

>76 : and < �+�
	#!"!#! 	 �

�

3

�

4

>76@?

andfor %

*

� � 	 ��


�BA

��� 	#!#!"! 	3�

�

) �

%

�

3

�

4

>76 : or < �

%

�

3

�

4

>76@?

where :�	'? are primes. Thedegreeof the representationis
C

�

4@DFE

�867G @ ��)

�

	'67G�@ �H<

���

.

One can combinethe two polynomialsusing the Chi-
neseRemainderTheorem(CRT) to getasinglepolynomial
that weakly representsOR mod :�? . However the speci�c
choiceof valuesoutputby the weakrepresentationis im-
portantfor our application.Theconstructionof BBR gives
adegree��� �

���

ORrepresentationusingpolynomialsover
5JI and 5>K . A simplerepresentationof degree ���

�

���

with
�

� :�?ML � usingpolynomialsover 5 8 and 5 = canbede-
rivedfrom Alon'sconstruction.Thishighlightsanotherdif-
ferenceaboutour de�nition andweakrepresentations:for
Ramsey constructions,we are not restrictedto any �x ed
moduli : and ? , we are free to choosethem in any way,
(possiblyasfunctionsof

�

) sothatthedegreeis minimized
asa functionof

�

.
WegiveasimpleRamsey constructionbasedonORrep-

resentations:the vertex set is ���
	���


�

and we add edge
�

%

	'1

�

to � if %/N

1 is in thezerosetof ) ���

�

, where%ON

1

denotesthe symmetricdifferenceof % and 1 . In order to
bound �����

�

and �����

�

, we usethe notion of representa-
tions of graphsover spacesof polynomialsintroducedby
Alon [2]. The ideais to assignpolynomialsto thevertices
of � sothatthepolynomialsassignedto verticesin aclique
arelinearly independent.

De�nition 3 Let � �8P 	'Q

�

bea graphand R bea setpoly-
nomialsin

�

variablesover �eld S . A polynomialrepre-
sentationof � over S is an assignmentof a polynomial

)�T(�8�

��*

R anda point %

T

*

S

�

to U

*

P where:

�

�

For each U

*

P , )VT(�

%

T

�-2

� � .
���

If � W 	$U

��*

Q then )�T(�

%YX

�

� � .

It is easyto seethat ���+�

�  

C�Z

(

��R

�

which is the di-
mensionof the S vectorspacespannedby polynomialsin

R . We usethe polynomial ) �8�

�

to constructa represen-
tation of � over 5

8 and < �8�

�

to constructa representa-
tion of � over 5[= . TheFrankl-Wilsonconstructioncanalso
be viewed in this framework, wherewe represent� over

5�8 and � over \ . However, quotingAlon `It seemsthat
this constructiondoesnot extendto the caseof more than
2 colors' [2]. We proposea de�nition of ORrepresentation
which leadsto suchanextension.

De�nition 4 Polynomials ) ���

�]*

5
8"^_,

�/. and < ���

�]*

5

8"`

,
�/. representtheORfunctionon

�

variablesif

) �+�
	"!#!#! 	 �

�[2

3

�

4

>76 :ba and < ��� 	#!"!#! 	3�

�[2

3

�

4

>76#:�c

andfor %

*

���
	���


�[A

��� 	#!"!#! 	3�

�

) �

%

�

3

�

4

>d6#:ba or < �

%

�

3

�

4

>76 :bc

where : is primeand e 	gf>h � .Thedegreeof therepresenta-
tion is

C

�

4@DFE

�867G @ ��)

�

	'67G�@ �H<

���

.
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To differentiatethe representationsof De�nitions 2 and4,
we referto themasprimerepresentationsandprime-power
representationsrespectively. The Frankl-Wilson construc-
tion canbe usedto show that for

�

� :

I

L � , thereexist
OR representationsof degree ���

�

���

. The interestingfea-
tureof this representationis thatit doesnotusetheChinese
RemainderTheorem(CRT). The constructionof Ramsey
graphsfrom prime-power representationsstaysthe same;
thedifferenceis in theanalysis.For this,weintroducepoly-
nomialrepresentationsof � over 598 ^ .

De�nition 5 Let � �8P 	'Q

�

bea graphand R a setof poly-
nomialsin

�

variablesover 5 . A polynomialrepresentation
of � over 5 8"^ is anassignmentof a polynomial) T ���

� *

R

anda point %

T

*

5

�

to U

*

P s.t.:

�

�

For each U

*

P , )VT(�

%

T

�[2

3

�

4

>76 :

a

.
���

If � W 	$U

��*

Q then )VT(�

%YX

�

3

�

4

>d6#:

a

.

We show that the polynomialsassignedto a clique are
linearly independentover \ so �����

�

is boundedby thedi-
mensionof the \ -vectorspacespannedby R . Likepolyno-
mial representationsof graphsover \ , representationsover

5
8"^ assignlinearly independentpolynomialsover \ to ver-

ticesin aclique.A crucialdifferenceis thatrepresentations
over \ tensor, thoseover 5 8

^
donot. Thismeansthatif we

have setsof polynomialsR

� and RJI that represent� � and
�MI over \ , thenR

�

�

RJI represents� �

! �MI over \ for anap-
propriatede�nition of graphproduct(see[2] for de�nitions
andproofs).Thisis importantfor theoriginalapplicationof
theserepresentations,which wasto boundtheShannonca-
pacityof thegraph.However, thispropertyimpliesthatone
cannotgetlow dimensionalrepresentationsof both � and�

over \ , since� ! � alwayshasalargeclique.But since5
8

^

haszerodivisors,we losethis tensorproductproperty, so
wecansimultaneouslygetlow dimensionalrepresentations
of � and � over 5

8"^ .
Wecouldrestatethisargumentfrom theviewpointof OR

representations.We cannotget low degreeprimerepresen-
tationsby taking : � ? sincethen ) �8�

�

< ���

� *

5 8
,

�/.

is � at every point in ���
	 ��


�

except the origin, andsuch
a polynomial requiresdegree

�

. But this argumentdoes
notextendto prime-powerrepresentationsbecauseof zero-
divisors.

All the OR representationsabove achieve a bound of
���

�

���

using symmetric polynomials. Plugging them
into the simple constructionabove gives �����

�

	������

�  

-

/

� 0 132 �

� asopposedto the bestboundof
-

/
��0 132
�

. How-
ever, by massagingthe polynomialsandworking with set
intersectionsas opposedto distances,we get exactly the
constructionsof Frankl-Wilson,GrolmuszandAlon.

Herearesomeadvantagesof our uni�ed view of these
constructions:

� It placestheconstructionsof Alon andFrankl-Wilson
in thecontext of OR polynomials,andraisesthepos-
sibility of gettingbetterconstructionsfrom low degree
representations.Thenotionsof prime-powerrepresen-
tationsof graphsandBooleanfunctionsarisingfrom
theFrankl-Wilson constructionareof independentin-
terest.

� It relatesthe constructionof Grolmusz to those of
Frankl-Wilson andAlon, which look very differentat
�rst. Our Ramsey graph constructionfrom the OR
polynomialof BBR is simpleanddirect. In factit takes
somework to show thatwegetthesamegraphasGrol-
musz.Viewing this constructionin termsof setinter-
sections,we derive improved boundsfor set systems
with restrictedintersectionsmoduloprimepowers.

� In this view, all the constructionsnaturallyextendto
multicolor Ramsey graphs.To construct4 -color Ram-
sey graphs,we de�ne OR representationsinvolving

4 polynomialsover 5
=��

	"!#!"! 	35
=�� where ?

�

!"!#! 	g?�� are
primepowers.Takingpowersof thesameprime : ex-
tendstheFrankl-Wilsonconstruction.

1.1.2 Lower Bounds:

A naturalquestionis to show tight degreeboundsfor OR
representations.A betterupperboundwould lead to bet-
ter Ramsey graphs.Lower boundsareinterestingfrom the
complexity-theoryviewpoint of understandingpolynomial
representationsover composites.For the OR function,we
believe De�nition 2 is the right oneto use,sinceit seems
to eliminatedependenceof the degreeon the modulus:�? .
Also it placesthe problemin thecontext of understanding
thezero-setsof low degreepolynomialsover 598 . Thisques-
tionhasbeenstudiedin variousothercontextsincludinglow
degreetesting,zero-testingandderandomization(seeSec-
tion 5). Prime-power representationsare interestingsince
they do not rely on the CRT. Interestingly, the

;

��< >)@

���

lower bound[22] alsodoesnot usethe CRT, so it applies
to prime-powerrepresentationstoo. It is possiblethatprov-
ing boundsfor prime-power representationsis easierthan
theprimecase.

Degreelower boundsextenda line of work in combina-
toricsaimedat understandingwhy explicit Ramsey graphs
arehardto construct,by showing limitationsto variousnat-
ural techniques.A conjectureof Babaistatesthatonecan-
notconstructgoodRamsey graphsbasedonthesignof aset
of realpolynomials.Therehasbeenconsiderableprogress
towardsproving this conjectureby Alon et al. [1, 4]. De-
gree lower boundsare weaker since they say the known
techniquefor bounding�*�+�

�

and �����

�

doesnotyield good
bounds,as opposedto showing either �*�+�

�

or �����

�

is
large. But on the other hand,thereare no good Ramsey

3



constructionsusing signs of real polynomials,while OR
representationsarethebesttechniqueknown for this prob-
lem. Further, the Ramsey graph constructionsbasedon
symmetricpolynomialsresult in graphswherethe vertex
setis � � 	 ��


�

andwhereedgesareaddedbetweenvertices
basedontheHammingdistancebetweenthem.Suchgraphs
possessa high degreeof symmetrywhich is unlikely in a
randomgraph. Our degreelower boundsuggeststhatper-
hapssuchRamsey graphconstructionscannotgive better
parameters(seeSection5).

Weshow adegree
;

�

�

� �

lowerboundfor ORrepresen-
tationsby symmetricpolynomials. Thus betterrepresen-
tationsif they exist mustuseasymmetricpolynomials. A
lower boundof

;

�

�

� �

is known for symmetricpolynomi-
als thatweakly representOR mod � [9]. Onemight guess
thatsimilar argumentsshouldwork evenfor our de�nition
of ORrepresentations,but this is incorrect.In factthesame
argumentdoesnot suf�ce even for prime representations.
Thepreciseboundthey prove,andwhichholdsfor all weak
representationsis 6 G @ ��)

�

! 6 G @ �8<

�

h

���

� :�?

�

. This is good
enoughwhen :�	'? are small, but if

���

:�? as in Alon's
construction,this givesa boundof � . Onecannothopefor
a strongerresult sincethe polynomial

���

�

�

of degree �

weakly representsOR on
���

:�? variablesover 598
= . Our

de�nition restrictsthevaluesoutputby theweakrepresen-
tation, making it possibleto show boundsindependentof
themodulus( . But exploiting this differencecallsfor new
techniques,beyond the periodicity basedargumentsused
for weak representations[9, 10]. Our lower boundsalso
applyto thepolynomialsusedin theconstructionbasedon
setintersections.

1.1.3 Our Techniques:

While lower boundsfor the prime andprime-power cases
areverydifferent,they havesimilarhigh-level structure:an
algebraic part wherewe show that if the zero-setof the
polynomialhascertainstructure,thenthepolynomialmust
havehighdegree,andacombinatorialpart whereweargue
thatthereis no goodpartitionof hypercube,thatany parti-
tion resultsin oneof thepolynomialshaving highdegree.

For the prime-power case,we translatethe problemto
one aboutunivariatepolynomialsmodulo 598

^
. However

over 598
^

it is no longertruethatadegree
C

polynomialcan
have only

C

roots(take �

a

for instance);so we neednew
tools for degreelower bounds. Building on an algorithm
for interpolationover 5

8
^

by the author[14], we de�ne a
greedysequence, which roughly is a sequencethat is dis-
tributeduniformly amongvariouscongruenceclassesmod-
ulo powersof : . We show thatthelongestgreedysequence
in the zero-setlower-boundsthe degreeof a polynomial.
Thena combinatorialargumentshows that in any partition
of integers

,
�)	#!#!"! 	

�

. into � and � , oneof themcontainsa

longgreedysequence.
For the prime case,we view a symmetricpolynomial

) acting on a 0-1 vector % as a polynomial �) acting on
in the digits of the base: expansionof the weight 	 4 �

%

�

following [10]. Thereit wasshown that �) canbe usedto
bound 67G�@ �8)

�

within a factorof : ; we introducea notion
of weighteddegreeof �) thatexactly capturesthedegreeof

) . Thecombinatorialpartof theproof usesa numberthe-
oretic lemmawhich seemsof independentinterest. It says
thatif :�	g? areprimes,

�
�

:�? and ��� 5�


8

and ��� 5�


=

are
subsetssothatevery numberin , ��	"!#!"! 	

�

. lies in � mod :

or in � mod ? , thenoneof � or � hasto belarge.

We presentour simple Ramsey constructionsbasedon
distancesin Section2. The lower boundsfor prime-power
representationsare in Section3, followed by someopen
problemsin Section5. In thefull versionof thispaper[13],
we give analternateconstructionbasedon setintersections
that resultsin exactly the constructionsof Frankl-Wilson,
Grolmuszand Alon. We also give improved boundsfor
setsystemswith restrictedintersectionsmoduloprimepow-
ers.Theseboundsarein factimplicitly usedin someof our
Ramsey constructions.

	�
�� �/� �������������Y���8���

Let �/�.�+�
	#!"!#! 	 �

�

. Given %

*

���
	���


�

let 	 4 �

%

�

denote
its Hammingweight. Given %

	'1

*

���
	 ��


�

, %/N

1 denotes
symmetricdifference,%��

1 denotesthebitwiseAND and
C

�

%

	$1

�

denotesHammingdistance.Let �

�

�! #"

�

�

�

�

�

" for
Z

 

C

. Let $&%(���

�

�

�

�

�

�
!"!#!$�

�('

denotethe )

��* elemen-
tary symmetricpolynomial. Every multilinear symmetric
polynomialcanbewritten asa linearcombinationof these
polynomials.We will useLucas' Theoremaboutbinomial
coef�cients modulo: whichstates:

Fact 1 Let

	 �,+

��-/.

	

�

:

�

	��

 

	

�

�

:

);�,+

�0-1.

)

�

:

�

	 �

 

)

�

�

:

Then 2

	

)43

3�5

�

2

	

�

)

�

3

4

>76#:&6

For &

*

5 , let thevaluationof & denotedU�8
,

& . bethehigh-
estpower of : thatdivides & . Let U 8

,
�F. �87 . We have the

ultrametricinequality U�8
,

&

"�9

.;h

4;:=<

� U 8
,

& . 	$U 8
,

9

.

�

and
U 8

,
&

9

.Y� U 8
,

& .

"

U 8
,

9

. .
We saya Ramsey graph � �HP 	gQ

�

is explicit if thereis a
deterministic> >)<@? �BA CDA

�

time algorithmto computethead-
jacency matrix andvery explicit if thereis a deterministic

4



> >)<@? �=<?>�@�A CDA

�

algorithmthat computesthe adjacency rela-
tion. We brie�y describethe known explicit constructions
of Ramsey graphsin chronologicalorder.

L Frankl-W ilson [12]: Take : prime and (

� :

K . The
vertex setconsistsof all subsetsof

,

(

. of size:

I

L%� . Two
vertices$ and � areadjacentif A $

�

� A

2

3

L �

4

>76#: . One
can boundthe size of �����

�

and ���+�

�

using well-known
resultsfrom extremalsettheory[12, 5].

L Grolmusz[17, 18] : Themainstepis to constructa set
systemR on ,

�

. of size
�Y��� �$�

so that A $ A

3

�

4

>d6@� but
A $

�

� A

2

3

�

4

>76@� . Theverticesof thegraph� aresetsof
R and $ 	�� areadjacentif A $

�

� A is odd. Onecanbound
�*�+�

�

and ���+�

�

usingresultsfrom extremalsettheory.
L Alon [2]: Take :

�

? to be nearly equalprimesand
(

� :

K . The vertex setconsistsof all subsetsof ,

(

. of
size :�?/L � . Two vertices $ and � are adjacentif A $

�

� A

2

3

L �

4

>d6#: . To bound �����

�

and �����

�

, we construct
representationsof � over 5

8 and � over 5[= .
L Barak [7]: Barakgivesaproductbasedconstruction(dis-
coveredindependentlyby PudlakandRodl) wherewe �rst
explicitly searchfor agoodRamsey graphin asmallsample
spaceandthenusetheAbbot productto geta largergraph.
This gives A P A��

���

and �����

�

	������

�  .���

/

� 0 132
�

for any
���

� . A similarproductbasedconstruction,but with worse
parametersis givenby Naor[20].

L Barak-Rao-Shaltiel-Wigderson[8]: In a recentbreak-
through, Barak et al. give a constructionthat achieves

�*�+�

�

	&���+�

�  �����	�

��


. In fact they solve a more general
problem, which is to constructbipartite Ramsey graphs.
Their constructionis ratherintricateandmakessigni�cant
useof machinerydevelopedfor extractingrandomnessfrom
weakrandomsources.

The�rst threeconstructionsabove arevery explicit, the
lasttwo aremerelyexplicit.

2 OR Polynomials and Ramseygraphs

In this section,we provethecorrectnessof theconstruc-
tion describedin the introduction. While the graphsob-
tainedarenot quiteoptimal,theconstructionis simpleand
bestexplainsthecloseconnectionsbetweenORrepresenta-
tionsandRamsey graphs.

If graph � hasa representationover a �eld S asin Def-
inition 3, it is easyto show that ���+�

�  

C�Z

(

� R

�

where
C�Z

(

� R

�

is the dimensionof the S -vector spacespanned
by R [2]. For representationsover 5

8
^

, we show that
�����

�  

C�Z

(

��R

�

where
C�Z

(

� R

�

is the dimensionof the
\ -vectorspacespannedby R . Theproof is by a valuation
basedargumentsimilar to oneusedby Babaietal. [6].

Lemma 2 If � �8P 	'Q

�

hasa polynomialrepresentationover
5�8

^
, then ���+�

�� 

C�Z

(

��R

�

.

PROOF: Let � � P be a clique. We claim that thepoly-
nomials)VT ���

�

for U

*

� arelinearly independentover \ .
Assumefor contradictionthat

+

T�
��

�

T ) T ���

�

� �

By clearingdenominators,w.m.athat
�

T

*

5 , andby re-
moving commonfactorsw.m.athat : doesnotdivide

�

X for
someW

*

� . Rearrangingterms,wehave

�

X

)

X

�8�

�

� L +

T�
���� T��

�

X

�

T:)�T(�8�

�

Substituting� �

% X ,

�

X

)

X

�

% X

�

� L +

T�
���� T��

�

X

�

T ) T �

% X

�

Since )

X

�

%��

� 2

3

�

4

>76 :

a

and U
8 ,

�

X

. � � , we have
U

87,

�

X

)

X

�

%
X

�

.

 

e L � . But U

*

� and U

2

� W , then
� U 	$W

�

is anedge,hence)VT(�

%YX

�

3

�

4

>76#:

a

. SotheRHS
is divisibleby :

a

, which is acontradiction.�

Construction 1 Graph � �8P 	'Q

�

from OR poly-
nomials.

L Let P �+�

�

� ���
	���


�

.
L If ) �

%ON

1

�

3

� , add an edge �

%

	'1

�

.

Theorem3 Givena degree
C

ORrepresentation,graph �

has
���

verticesand �*�+�

�

	������

�  

�

�

�! 
" .

PROOF: Assumethatwe have a primerepresentation.We
givea polynomialrepresentationof � over 598 .

For eachvertex �

*

� � 	 ��


�

, let �

�

� �JL �

�

if �

�

� �

and �

�

� �

�

if �

�

� � . De�ne )�� � �

�

	#!#!"! 	$�

�

�

to be
thepolynomialobtainedby multilinearizing) ���

�

	#!"!#! 	��

�

�

(i.e setting �

 

�

� �

�

). Notethatfor �

*

� � 	 ��


�

, )
�

���

�

�

) ���

N

�

�

. Hence)
�

���

�

� ) � �

�[2

3

�

4

>d6#: . On theother
hand,from ourconstruction,if ���*	��

�J*

Q then ) ���

N

�

�[2

3

�

4

>76 : . Hence)
�

���

�-2

3

�

4

>76#: .
Thuswe geta polynomialrepresentationof � over 5

8 .
Sincethe )

�
���

�

s areall multilinearpolynomialsof degree
at most

C

in
�

variables,they lie in a vectorspaceof di-
mension �

�

�  
" . This shows that ���+�

�  

�

�

�! 
" . Similarly,

if ���*	��

�

is not an edgethen ) ���

N

�

�/2

3

�

4

>76#: , hence
< ���

N

�

�

3

�

4

>76@? . Usingthis we constructa represen-
tationof � over 5

= andbound�*�+�

�

.
For prime-power representationsof OR, we canrepre-

sent� and � over 5 8
^

by thesameargument. �

Onecanconstructexplicit Ramsey graphsby plugging
in variousORrepresentationsdescribedbelow; all of which

5



give
C

� ���

�

���

usingsymmetricpolynomials.This gives
aboundof

-

/

� 0 1 2 �

� for someconstant
-

� onthecliquesize.
In facttheconstructionsbelow have thepropertythatgiven
vertices%

	$1

*

���
	 ��


�

, thecolor of theedge �

%

	'1

�

canbe
computedin time ���

���

.

�

�

Alon [2]: Let :

�

? be primesandlet
�

� :�? L � .
De�ne ) ���

��*

5 8 , �;. and < �8�

� *

5 =

, �;. as

) �8�

�

� � L%��+ �

�

�

8��

�

< �8�

�

� � L%��+ �

�

�

= �

�

(1)

For %

2

� � , since �

 

�

�

	 4 �

%

�  

:�? L � , by the CRT
	 4 �

%

� 2

3

�

4

>d6#: or 	 4 �

%

� 2

3

�

4

>76;? . By Fermat's The-
orem, in the former case ) �

%

�

3

�

4

>d6 : , in the latter
< �

%

�

3

�

4

>76 ? . Taking :�	g? nearly equalgivesdegree
C

�.���

" $

���

�3�

�

�

.
���

BBR [9]: Let
�

�

�

%

���

L � . De�ne ) ���

�@*

5
I#,

�/.

and < ���

� *

5
K#,

�;. as

) �8�

�

�

2

�

�

�

�

" �

%

L%�

�

%

L �
3

	

< �8�

�

� 2

�

�

�

�

"����

L �

�

�

L �
3

(2)

Since �

���
	

�

%

"

� $ %(�

%

�

for %

*

� �
	���


�

, ) ���

�

and < ���

�

in fact have coef�cients from 5-I and 5[K . For &

2

� � ,
�

 

���

	 4 �

%

�  �

%

���

L � . Lucas' theoremimplies
that if 	 4 �

%

� 2

3

�

4

>76

�

% then ) �

%

�

3

�

4

>76

�

, and if
	 4 �

%

� 2

3

�

4

>76

���

then < �

%

�

3

�

4

>76

�

. We canchoose
) 	�� s.t.

C

� ���

"�
��

�

�

for any



�

� [19].

Both representationsabove are prime representations,
we now constructprime power representations.For ease
of exposition,we restateDe�nition 4 of prime-power rep-
resentationsin termsof rationalpolynomials;we omit the
simpleproofof equivalence.

De�nition 6 Polynomials ) �8�

�

	g< �8�

�@*

\
,

�O. represent
theORfunctionon � � 	 ��


�

if

) ���
	"!#!"! 	3�

�

3

�

4

>d6#: and < ��� 	#!"!#! 	3�

�

3

�

4

>76#:

andfor %

*

� � 	 ��


�BA

��� 	#!#!"! 	3�

�

) �

%

�

3

�

4

>d6#: or < �

%

�

3

�

4

>76 :

for a prime : . The degree of the representationis
C

�

4@DFE

�867G @ ��)

�

	'67G�@ �H<

���

.

Note that in general) �

%

�

could be rational. Whenwe
say ) �

%

�

3

�

�

�

4

>d6#: , we mean ) �

%

�

is an integersat-
isfying thecondition.However by this de�nition, if %

2

� �

and < �

%

�

3

�

4

>76 : , then ) �

%

�

neednotbeanintegerand
viceversa.

�)�

Frankl-Wilson [12]: Take : prime and
�

� :

I

L � .
De�ne ) ���

�

	 < ���

� *

\ , �;. as

) ���

�

�

8��

�

5

�

�

�

� +

�

�

�

L��

�

< ���

�

�

8��

�

5

�

�

�

�

�

�

�

�

:

L��

�

(3)

For a non-zerovector %

*

���
	 ��


�

we have �

 

	 4 �

%

�, 

:

I

L � . If 	 4 �

%

� 2

3

�

4

>76�� then ) �

%

�

3

�

4

>76#: . If
	 4 �

%

�

3

�

4

>76 : , then �

 ��

�

���F�

8

 

:/L � hence< �

%

�

3

�

4

>76 : . Thedegreeis
C

� :;L%�

�

�

�

.
�

�

We constructrepresentationswith theprime �x edand
�

varying, analogousto [9]. Let
�

�

�

IB%

L � . De�ne
) ���

�

	g< ���

� *

\ , �;. as

) ���

�

� 2

�

�

�

�

" �

%

L%�

�

%

L �
3

< ���

�

� 2

�
���

�

I

'

" �

%

L �

�

%

L �

3

(4)

Theproofof correctnessis throughLucas' theorem.

Pluggingany of thesepolynomialsinto construction1
gives the following type of graph : Add �

%

	'1

�

to Q if
C

�

%

	$1

� 2

3

�

4

>d6�� where � is either a prime or a prime
powercloseto �

�

.
For constructing4 -color Ramsey graphs,we de�ne OR

representationswith 4 polynomials)

�

���

�

	"!#!#!�	') � �8�

�

such
that the union of their zerosetsif ���
	���


� A

� � 
 . We can
extendconstructionsin Equations1, 2 by taking 4 distinct
primes. To extendtheconstructionof Equation3, let

�

�

:

�

L � . For �

 

�

 

4 de�ne

)

�

���

�

�

8��

�

5

�

�

�

2

�
�

�

�

:

�

L

Z

3

(5)

We cansimilarly extendEquation4, weomit thedetails.

3 Lower Boundsfor Prime-power Represen-
tations

In this sectionwe prove a lower boundfor prime-power
representationsby symmetricpolynomials.

Theorem4 Let ) ���

� *

5
8"^ ,

�;. and < ���

� *

5

8
`

,
�;. be

symmetricpolynomialsthat representtheORfunctionon
�

variables.Then �867G @ ��)

��"

�

�

!)��6 G @ �8<

� "

�

�

h

�

I

.

Sincea symmetricpolynomial on 0-1 inputs is essen-
tially a polynomial in the weight of the input, we canre-
stateTheorem4 in termsof integerpolynomials.The for-
malproof is easyandis omitted.While wecouldalsowork

6



with polynomialsin 598 ^_, � . , thepresenceof zerodivisors
wouldmake it messierto usevaluations.

Proposition5 Let ) ���

�

	 < � �

� *

5 , � . be univariate
polynomialssuch that for &

*

����	#!"!#! 	

�


 ,

U 8 , ) ���

�

.

�

U 8 , ) ��&

�

. or U 8 , < ���

�

.

�

U 8 , < ��&

�

. (6)

Then ��67G�@ �8)

��"

�

�

!)�867G @ �8<

��"

�

�

h

�

I

.

The next two Lemmas(6 and7) develop tools to show
degreeboundsfor suchpolynomials.

De�nition 7 A sequence$ � ���

�

	#!#!"! 	3�

 

�

of integers is
calleda greedysequenceif for all � ,

+

���

�

U 8 , �

�

L �

�

.

 

+

���

�

U 8 , � % L �

�

. for )

2

� �

Let us de�ne
�

�

���

�

� � and
�

�

� �

�

���

���

�

� � L �

�

�

for �

�

� . The de�nition of a greedysequencecanbe re-
statedas U 8

,

�

�

���

�

�

.

 

U 8
,

�

�

��� %

�

. for )

2

� � . Givenany
set $ , we canorderit elementsgreedilyasfollows to geta
greedysequence:we choose�

� arbitrarily; having chosen
���

�

	#!"!#! 	 �

�

�

�

�

we choose�

�

*

$ to be the elementthat
minimizesU

8 ,

�

�

���

�

�

. .

Lemma 6 Let $ � �+�

�

	"!#!#!�	3�

 

�

be a greedysequence.
Let ) � �

��*

5
,

� . besuch that

U
8 ,

) �+�

 

�

.

�

U
8 ,

) �+�

�

�

. for
Z

 

C

L%�

Then67G @ ��)

�

h

C

L%� .

PROOF: Theproof is by inductionon
C

. We will show the
converse,namelythatif 67G�@ �8)

�  

C

L

�

.

U 8
,

) ���

 

�

. h

4 :=<

�

�  

�

�

U 8
,

) ���

�

�

.

The basecase
C

�

�

is trivial, in this case ) is con-
stantso it is clear that U�8

,
) ���VI

�

. � U 8
,

) ���

�

�

. . Assume
the propertyholds for greedysequencesof length

C

L.� .
Givenapolynomial ) ���

�

of degree
C

L

�

, since
�

 

�

�

���

�

is a monicpolynomialof degree
C

L

�

, we write ) ���

�

�

< � �

��" -

 

�

�

�

 

�

�

� �

�

, where < ���

�

is a polynomial of
degree

C

L

�

. Substituting� � �

 ,

) ���

 

�

� < ���

 

��" -

 

�

�

�

 

�

�

�+�

 

�

henceby theultrametricinequality

U
8 ,

) ���

 

�

. h

4;:@<

�"U
8 ,

< �+�

 

�

. 	'U
8 ,

-

 

�

�

�

 

�

�

���

 

�

. 
 (7)

To lower bound U�8
,

< �+�

 

�

. , note that the sequence
���

�

	#!"!#! 	 �

 

�bI 	3�

 

�

of length
C

L � obtainedby deleting

�

 

�

� is alsogreedy. Henceapplyingtheinductive hypoth-
esisto < ���

 

�

, we get

U 8 , < ���

 

�

. h

4 :=<

�

�! 

��I

U 8 , < �+�

�

�

./�

4;:@<

�

�! 

�bI

U 8 , ) �+�

�

�

. (8)

The last equality follows since
�

 

�

�

���

�

�

� � for
Z

 

C

L

�

, hence < �+�

�

�

� ) �+�

�

�

. We now lower bound
U 8 ,

-

 

�

�

�

 

�

�

�+�

 

�

. . Using the greedypropertyof the se-
quence���

�

	"!#!"! 	3�

 

�

,

U 8 ,

-

 

�

�

�

 

�

�

���

 

�

. h U 8 ,

-

 

�

�

�

 

�

�

���

 

�

�

�

.

-

 

�

�

�

 

�

�

���

 

�

�

�

� ) ���

 

�

�

�

L < �+�

 

�

�

�

Hencewehave

U 87,

-

 

�

�

�

 

�

�

�+�

 

�

�

�

. h

4;:=<

�_U 87, ) ���

 

�

�

�

. 	$U 8 , < ���

 

�

�

�

.+


(9)
Since ���

�

	"!#!#!�	3�

 

�

�

�

is a greedysequenceand < hasde-
gree

C

L

�

, we getby inductionthat

U 8
,

< �+�

 

�

�

�

. h

4;:=<

�

�  

��I

U 8
,

< ���

�

�

.;�

4 :=<

�

�  

��I

U 8
,

) ���

�

�

. (10)

CombiningEquations7, 8, 9, 10givesthedesiredresult. �

An exampleof a greedysequenceis when �+�

�

	#!"!#! 	 �

 

�

areconsecutiveintegers.Thuswhile a degree
C

polynomial
over 5�8

^
canhave severalzeroes,thelemmaimpliesthatit

canhaveatmost
C

consecutivezeroes.Theintuition for this
Lemmais from an algorithmfor polynomial interpolation
over 5�8

^
by theauthor[14]. Givenaset $ , andvalues0 � &

�

for &

*

$ of somepolynomial in 5 8
^",

� . , the algorithm
will output the smallestdegreepolynomial ) ���

�

that �ts
the data,provided it seesthe elementsof $ in the above
greedyorder. If the polynomial is � on every elementbut
the last, the algorithmis forcedto outputa polynomialof
degree

C

L � .
Next wede�ne thenotionof agreedyarrayandonorder-

ing of its elements;which we useto constructlong greedy
sequences.Given a 4 -dimensionalmatrix � of dimension

C

.��

!"!#!

�

C

� �

� , we use�
, �

. to denote�
,

Z

.

	"!#!#!�	

Z

� �

�

. .

De�nition 8 A 4 -dimensionalmatrix of distinct integers �

is calleda greedyarray if

U 8
,

�
, �

. L �
, �

.d. �

4;:=<

� e!A

Z

a

2

� �

a


 (11)

De�nition 9 Givena 4 -dimensionalmatrix � and indices
�

	
�
, let �J�

4;D:E

� e!A

Z

a

2

� �

a


 . Then�
, �

.

�

�
, �

. if
Z

�

�

�

� .

For example, consider the :

�

!#!"!

�

: array where
�

,

Z

.

	#!"!#! 	

Z

� �

�

.b�

Z

.

"

Z

�

: !#!#!

Z

� �

�

:

� �

�

and �

 

Z

�

 

: L � .
Thusthearraycontains

Z

*

���
	#!"!#! 	�:

�

L ��
 with numbers
indexedby their base-pexpansion.SinceU

8 ,

Z

L��F. depends
on the smallestdigit where

Z

and � , this is a greedyarray.
Theorderingde�ned above givestheusualorderingof in-
tegers,it dependson thelargestdigit wheretheexpansions
differ.

7



Lemma 7 Ordering elementsof a greedyarray gives a
greedysequence.

PROOF: We wantto show thatfor �

2

� �

+ �

���

U 8 , � , � .�L � , � .�.

 

+ �

���

U 87, � , �b.�L � , � . . (12)

For �

 

e

 

4VL%� , wede�ne theset

$

a

� � � A

Z

a

�

�

a

	

Z

a��

�

���

a��

�

	#!"!#! 	

Z

� �

�

��� � �

�




Theindices
Z

.

	"!#!"! 	

Z

a

�

� areunrestricted.Notethatthe $

a

s
aredisjoint andthey partition the set � � A �

�

� 
 . We show
thatfor every e , andfor �

2

� �

+

�


��

^

U 8 , � , � .�L � , � .�.

 

+

�


��

^

U 8 , � , �b.bL � , � . . (13)

Equation12 will follow by summingover all e . Hence
consider a �x ed e . Note that if

�

*

$

a

then �

 

U 8
,

�
, �

. L �
, �

. .

 

e . Accordingly we partition $

a

into
�

�+�

�

	#!#!"! 	

�

��e

�

asfollows: for �

 

�

 

e L � ,

�

� �

�

� �
�

*

$

a

A

Z

.

���

.

	#!"!#! 	

Z

�

�

�

� �

�

�

�

	

Z

�

2

���

�




� �
�

*

$

a

A U
8 ,

�
, �

.�L �
, �

. . � � 


�

��e

�

� �
�

*

$

a

A

Z

.

���

.

	#!"!#! 	

Z

a

�

�

���

a

�

�




For
�

*

�

��e

�

we have U 8
,

�
, �

. L��
, �

.�.M� e sincefor all
�

*

$

a

,
Z

a

�

�

a

so
Z

a

2

� �

a

. Now given �

2

�
�

let usde�ne
thesets� ���

�

	"!#!#! 	 � �8e

�

asfollows. For �

 

�

 

e L%� ,

� � �

�

� �
�

*

$

a

A

Z

.

��)

.

	#!"!#! 	

Z

�

�

�

��)

�

�

�

	

Z

�

2

� )

�




� �
�

*

$

a

A U
8 ,

�
,

�b.�L �
, �

.d.b� � 


� �8e

�

� �
�

*

$

a

A

Z

.

��)

.

	#!"!#! 	

Z

a

�

�

��)

a

�

�




Unlike for
�

��e

�

, for
Z

*

� ��e

�

it couldbethat
Z

a

� )

a

, so
wehave U 8

,
�

,
�b. L �

, �
.".�h e . Sincetheindices

Z

.

	#!"!#! 	

Z

a

�

�

areunrestrictedin $

a

, wehave A

�

� �

�

A��8A � � �

�

A for �

 

�

 

e . We now proveEquation13.

+

�


��

^

U
87,

�
, �

.�L �
, �

.d. � +

.

�

�

�

a

+

�


�	

� � �

U
8 ,

�
, �

.bL �
, �

.�.

�
+

.

�

�

�

a

��!�A

�

� �

�

A

+
�


��

^

U
87,

�
,

�b.�L �
, �

.d. �
+

.

�

�

�

a

+

�


��

� � �

U
87,

�
,

�b.�L �
, �

.d.

h +

.

�

�

�

a

��!�A � � �

�

A

h
+

.

�

�

�

a

��!�A

�

� �

�

A

Hencetheclaim follows. �

A two-dimensionalgreedyarrayis amatrix � of integers
suchthat elementsin the samerow arecongruentmod : ,
while elementsin distinct rows are not congruentmod : .
Lemma7 saysthatorderingtheelementsof � column-wise
givesagreedysequence.

This concludesthe algebraicstepof the proof. Let us
sketchthe restof the proof when

�

�.:

I

L � , which cor-
respondsto theFrankl-Wilson construction(seeFigure1).
De�ne thesets

� � ���(
�
 �"&

*

�)�)	#!#!"! 	�:

I

L ��
�A"U 8 , ) ���

�

.

�

U 8 , ) ��&

�

. 


� � � �

�
 �_&

*

����	#!"!#! 	+:

I

L%��
�A"U 8 , ) �+�

�

. h U 8 , ) � &

�

. 


Notethat U 8 , < �+�

�

.

�

U 87, < ��&

�

. for every &

2

� � in � . Fur-
ther � and � partitiontheset �)��	"!#!"! 	�:

I

L ��
 andthey in-
tersectonly at � . We will show that � and � containlarge
greedyarrays.

L Arrange � �
	"!#!"! :

I

L ��
 in :

�

: grid, eachrow corre-
spondingto a congruenceclassmod : .

L Within eachrow, placeelementslying in � beforethose
in � . Since � lies in �

�

� , placeall otherelementsin �

whichare �

4

>76#: before � .
L Sort the rows accordingto how many elementsfrom �

they contain.
This reorderingis illustratedin Figure1, the dark line

separates� and � . It is clearthat � and � containgreedy
arrays� of size )

. �

)

� and 
 of size �

. �

�

� respectively
(indicatedby shadedregions)sothat )

.

"

�

.

� )

�

"

�

�

�

:

"

� . From this it follows that A ��A=A 
 A h :

I . Also, we
canensurethat � is the last elementof thesearraysin the
column-wiseordering.So U�8

,
) � &

�

. is minimizedat thelast
elementin � , henceby Lemma7 67G�@ �8)

�

h A ��A�L%� . Sim-
ilarly 67G�@ �H<

�

h A 
 A�L � , which provesthedesiredbound.
Also, A ��A=A 
 A is minimizedwhen � � �"& A &

3

�

4

>76 : 
 ,
and � � ��
 �"& A &

2

3

�

4

>76#: 
 (or vice versa),thecorre-
spondingpolynomialsgive exactly theFrankl-Wilson con-
struction.

Theproof for general
�

is a high dimensionalextension
of this argument.Thenext lemma(Lemma8) saysthatany
disjoint partitionof ���
	#!"!#! 	

�

L ��
 into � 	 � will resultin
oneof thepartitionshaving a greedyarrayof size �

�

. In
factweprovesomethingstronger, wecanchoosethedimen-
sionsof thearrayto beany solutionto Equation14. Wealso
assumethat

�

is of the form
���

:

� �

�

which makesit easier
to useinduction.

Lemma 8 Let �

 �
�

 

: . Let �!	B� be disjoint setsof
integers such that ��
 � � ���
	#!"!#! 	

���

:

� �

�

L ��
 . Given
anypositiveintegers )

.

	"!#!"! 	B) � �

�

	��

.

	"!#!"! 	���� �

� satisfying

For
Z

 

4�L

�

)

�

"

�

�

� :

"

� (14)

) � �

�

"

��� �

�

�

�

�

"

�

either � containsa greedyarrayof size )

. �

!#!"!

�

) � �

� or
� containsa greedyarrayof size�

. �

!#!#!

�

��� �

� .

8



0

0

� �

���

���

���

�

	

�
�

�

	���





Figure 1. Lower bound for :

I

L%� and the Frankl-Wilson construction

PROOF: The proof is by inductionon 4 (the dimensionof
thegreedyarrays).

When 45�.� , wehavedisjointsets�!	B� sothat � 
;� �

� �
	"!#!"! 	

���

L ��
 hence A � A

"

A � Ab�

� �

. Since
� �

L �

�

:

any orderingof � and � givesgreedyarraysof size A � A and
A � A respectively. Given )

.

	��

.

suchthat )

.

"

�

.

�

��� "

� , if
A � A

 

)

.

L%� , then A � A7h

� ��"

� L )

.

� �

.

.
Assumethat theclaim is trueup to 4 L � . For �

 

Z

 

:;L � , wede�ne thefollowing sets

� �

Z

�

� �"&

*

� A &

3

Z

4

>76 :�


�

� �

Z

�

� ��� &OL

Z

�3�

: A"&

*

� �

Z

�




We de�ne sets � �

Z

�

and
�

� �

Z

�

similarly. Note that for
each

Z

,
�

� �

Z

�

and
�

� �

Z

�

aredisjoint, further
�

� �

Z

�




�

� �

Z

�

�

� �
	"!#!"! 	

���

:

� ��I

L ��
 . Sotheinductionhypothesisappliedto
�

� �

Z

�

and
�

� �

Z

�

with )

�

	#!"!#! 	 ) � �

�

	��

�

	#!"!#! 	���� �

� impliesthat
either � containsa greedyarrayof size )

�

�

!"!#!

�

) � �

� or
� containsagreedyarrayof size �

�

�

!#!"!

�

��� �

� . Wede�ne
thefollowing sets

$�� �

Z

A

�

�!�

Z

�

hasagreedyarray
�

�

�

of size )

�

�

!"!#!

�

) � �

�




� � �

Z

A

�

� �

Z

�

hasa greedyarray
�




�

of size �

�

�

!#!"!

�

�
� �

�




Since $ 	�� aredisjoint and A $ A

"

A � A5� : we have either
A $ A>h )

.

or A � AJh �

.

. Assume A $ A[h )

.

. We de�ne a
greedyarray � of size )

. �

!#!"!

�

) � �

� asfollows. Choose
$

���

$ of size )

.

. For each
Z

*

$

�

, the
Z

��* row of �

containsthepre-image�

�

of
�

�

�

in � �

Z

�

of dimension)

�

�

!#!#!

�

) � �

� .
We needto verify that � satis�es U

8
�+�

, �
. L �

, �
.

�

�

4 :=<

� e!A

Z

a

2

� �

a


 . Given � and � , if
Z

.

2

� �

.

, then
�

, �
.

2

3

�
, �

.

4

>76 : so the conditionholds. Now assume
that

Z

.

���

.

, so that
�

� �

Z

.

	
�

�?�

	
�

� �

Z

.

	
�

� �

. Since �
, �

.

and �
, �

. arein thesamerow, �
, �

.

3

�
, �

.

3

-�4

>d6#: for

�

 %-# 

:;L � . So

�
, �

. L �
, �

. � ���
, �

�

.�L ���
, �

�

.

� � :

�

���
, �

�

.

" - �

L � :

�

���
, �

�

.

" - �

� :��

�

�
�", �

�

.�L

�

�
�_, �

�

.

�

�

U
8 ,

�
, �

. L �
, �

.7.b� �

"

U
8 ,

�
�_, �

�

. L �
� , �

�

.d.

� �

" 4;:=<

� e!A

Z

�

a

2

� �

�

a




Notethat
4;:=<

�_e A

Z

a

2

�

Z

a


@� �

" 4;:=<

�_e A

Z

�

a

2

�

Z

�

a


 . Hence
� is a greedyarrayof theright dimension.�

Thenext Lemmais thekey stepin thecombinatorialar-
gument. Now we considersets � and � which intersect
only at � , andwe wantto producegreedyarraysthatendat

� by our ordering. We show that sucharraysexist whose
dimensionssatisfyEquation14.

Lemma 9 Partition Lemma: Let �

 � �9 

: . Let �!	B�

besetsof integerssuch that

� 
 � � � � 	#!#!"! 	

�

�

:

� �

�

L ��
)	 �

�

� � � �



Then there exist positive integers
)

.

	#!"!#! 	 )
� �

�

	��

.

	#!"!#! 	��
� �

� satisfying Equation 14, so
that � containsa greedyarray � of size )

.
�

!#!#!

�

)
� �

�

and � containsa greedyarray 
 of size �

.
�

!#!#!

�

�
� �

� ,
andboth � and 
 contain � asthelast element.

PROOF: Theproof is by inductionon 4 .
When 4 � � , we have sets � 	 � so that � 
 � �

� � 	#!#!"! 	

�

�

L%��
 and �

�

� � � �(
 so A � A

"

A � A7�

�

�

"

� .
We take )

.

� A � A 	 �

.

� A � A . De�ne � to beanorderingof
� where� comeslast,similarly for 
 .

Assumethat theclaim holdsup to 4�L � . For �

 

Z

 

: L � , we de�ne the sets � �

Z

�

	

�

� �

Z

�

	 � �

Z

�

	

�

� �

Z

�

asbefore.

9



Notethat
�

�,���

�




�

� ���

�

� ���
	"!#!#! 	

�

�

:

� ��I

L%��


�

�,���

�

�

�

� ���

�

� ���(


By induction,thereexist )

�

	#!"!#! 	 ) � �

� and �

�

	"!#!#! 	 � � �

� as
abovesothat

�

� �+�

�

containsagreedyarrayof size )

�

�

!#!"!

�

) � �

� and
�

� ���

�

containsagreedyarrayof size�

�

�

!"!#!

�

��� �

� .
For �

 

Z

 

:;L � we have
�

� �

Z

�




�

� �

Z

�

� � � 	#!#!"! 	

�

�

:

� ��I

L ��


�

� �

Z

�

�

�

� �

Z

�

� �

HenceapplyingLemma8, either
�

� �

Z

�

containsanarrayof
size )

�

�

!"!#!

�

) � �

� or
�

� �+�

�

containsagreedyarrayof size
�

�

�

!"!#!

�

��� �

� . Againwede�ne thesets

$�� �

Z

A

�

�!�

Z

�

hasagreedyarray
�

�

�

of size )

�

�

!"!#!

�

) � �

�




� � �

Z

A

�

� �

Z

�

hasa greedyarray
�




�

of size �

�

�

!#!"!

�

��� �

�




Let )

.

� A $ A 	 �

.

� A � A . Since $

�

� � ���(
 and $ 
 � �

� �
	"!#!"! 	+: L ��
 we have )

.

"

�

.

� :

"

� . Order $ and �

so that � is the last element. We de�ne a greedyarray �

of size )

. �

!#!"!

�

) � �

� as follows. For each
Z

*

$ , the
Z

��* row of � containsthe pre-image�

�

of
�

�

�

in � �

Z

�

of
dimension)

�

�

!"!#!

�

) � �

� . Similarly we de�ne 
 where
the

Z

��* row containsthepre-image


�

of
�




�

in � �

Z

�

. The
proof that thesearegreedyarraysfollows Lemma8. They
bothcontain� asthelastelementby induction. �

We now completetheproofof Theorem4.
PROOF OF THEOREM 4:
Assumethat :

� �

�  ���

:

� . We canchoose
� �

so that
�

 %���  

: and
�����  ���

:

� �

�

L �

 %�

. De�ne thesets

�+� � �

�
 �_& A)�

 

&

 �

�

:

� �

�

L �)	 U 8
,

) �+�

�

.

�

U 8
,

) � &

�

. 


� � � �

�
 �_& A)�

 

&

 �

�

:

� �

�

L �)	 U 8
,

) �+�

�

.�h U 8
,

) � &

�

. 


Applying Lemma9 implies that � and � containgreedy
arrays� and 
 of size )

.
�

!#!#!

�

)
� �

� and �

.
�

!"!#!

�

�
� �

�

respectively where )

�

and �

�

satisfyEquation14. Apply-
ing Lemma7, by ordering � we get a greedysequence

� �

�

	#!"!#! 	 �

 

�

�

	3�

 in � of length
C

�
�

�

)

� . By thedef-
inition of set � , U 8

,
) ���

�

.

�

U 8
,

) �+�

�

�

. for
Z

 

C

. So by
Lemma6 6 G @ ��)

�

h �

�

)

�

L � .
Similarly wegetagreedysequenceof length �

�

�

� in �

endingin � . Note that by Equation6, &

*

� and &

2

� �

implies U 8
,

< ���

�

.

�

U 8
,

< � &

�

. . Soby Lemma6, 67G @ �8<

�

h

�

�

�

�

L � . By Equation14, )

�

�

�

h : for �

 

4�L

�

and
) � �

�

��� �

�

h

�

�

. Hence

��6 G @ ��)

��"

�

�

��67G�@ �H<

� "

�

�

h

5

�

)

�

�

�

h

�

�

:

� �

�

�

�����

6

For theFrankl-Wilson constructionwhere
�

� :

I

L � , we
get ��67G�@ �8)

��"

�

�

�867G @ �8<

��"

�

�

h :

I which is tight. �

4 Lower Boundsfor Prime Representations

In this sectionwe prove a lower boundfor primerepre-
sentationsusingsymmetricpolynomials.

Theorem10 Let ) �8�

� *

5 8 , �;. and < �8�

� *

5>= , �/. be
symmetricpolynomialsthat representtheORfunctionon

�

variables.Then6 G @ ��)

�

6g67G @ �8<

�

h

���

��� .

Note that this requires 67G @ ��)

�

	'67G�@ �H<

�

h � but if
67G @ ��)

�

� � , then it is easyto show that 67G�@ �H<

�

�

�

,
so this caseis not interesting.The hardcaseof this theo-
rem is when : and ? arefast-growing functionsof

�

, asin
Alon's construction.To handlethis case,we prove a par-
tition lemma(Lemma11) which saysthat taking : and ?

largedoesnothelp.

De�nition 10 Let :

�

? be distinct primes,let
� �

:�? .
Let � � 5�


8

and � � 5�


=

. We say that & is covered by
� if &

4

>76#:

*

� . We say � and � cover ,

�

. if every
&

*

�)��	"!#!"! 	

�


 is coveredby � or � .

If
���

:�? , we can cover ,

�

. by taking � � 5



8

and
� � 5�


=

. Given � � 5 


8

and � � 5�


=

, the number
of elementsin �)�)	#!"!#! 	�:�?�
 that arecoveredby � or � is

A � A ?

"

A � A : L A � A@A � A whichcanbemuchlargerthan A � A=A � A .
Thepartition lemmastatesthat to cover the �rst

�

integers
however, A � A@A � A needsto be

;

�

���

.

Lemma 11 Partition Lemma: If � � 5



8

and � � 5



=

cover ,

�

. , then �BA � A

"

�

�

!��BA � A

"

�

�

�

�

I

.

Using A � A

"

� ratherthan A � A in theproductletsusignore
the casewhen A � A�� � . Let us sketchthe ideabehindthe
proofof thePartitionLemma.Let

�

�

�

=
? . Assumethatto

begin with, we have � � 5�


=

and �+�.�_? 	

�

? 	"!#!#! 	

�

=
?�
 . It

is clearthat � and � cover
�

, however �BA � A

"

�

�

�BA � A

"

�

�

�

�

. One could try and reduce A � A by removing elements
from it. We want to show that this resultsin an increase
in A � A . Removing

Z

*

5�


=

from � resultsin the numbers
�

Z

	

Z

"

? 	#!"!#! 	

Z

"

�

�

=
L �

�

?�
 beinguncovered.Call thisset
$9�

Z

�

. Thevariouselementsof $9�

Z

�

arelessthan:�? andthey
arecongruentmod ? , hencethe CRT implies they cannot
alsobecongruentmod : . But theproblemis for

Z

2

� � ,there
couldbeconsiderableoverlapbetweentheresiduesof $9�

Z

�

and $ � �

�

mod : . Henceit is not clearthat removing many
elementsfrom � doesactuallycauseA � A to increase.How-
ever, by suitably reorderingthe elementsof 5

8 , we show
thateveryelementremovedfrom � causesthesizeof � to
increaseby at least � . In factFigure2 shows that A � A could
increaseby just � . This is suf�cient to prove the Partition
Lemma.

Set
�

8 �

�

�

8��

and
�

=
�

�

�

=
�

. Givenset $ of integers,

de�ne $

4

>d6#: � 5�8 to betheset �_&

4

>d6#: A &

*

$�
 .

10



��

���

���

��	
�

���

�
�

� � � � � �

�

�����

�

�����

�

�����

�

�����

�

�����

�

���

�

�

�����

�

�

����� �!�#"$�$�!"%���!"&�#�('

�

���

��� �!����"%���)"%���("*���!'

�

+

�-,!"/.0�1���#"*23�4���

�

�

���

Figure 2. Proof of Prop 12

Proposition12 Let
�

h ? . If � and � cover
,

�

. and A � A �

?>L � then A � A h

�

�

= �

"

� L%� .

PROOF: Note thatsince
�

h ? ,
�

=
h � . Let � denotethe

complementof � in 5-= , so �

*

� . For each
Z

*

� , take
$9�

Z

�

to bethe �rst
�

= numbersin ����	#!"!#! 	

�


 congruentto
Z

4

>d6#: . In otherwords, $9�+�

�

� �_? 	

�

? !"!#! 	

�

=#?�
 andfor
Z

2

� � 	B$9�

Z

�

� �

Z

	

Z

"

? 	"!#!"! 	

Z

"

�

�

= L �

�

?�
 . Let

$ �65

�


 7

$9�

Z

�

If &

*

$ , then & is not coveredby � soit mustbecovered
by � . We wantto lowerboundthesizeof $

4

>d6#: .
Let us reorder the set 5

8 as � � 	'? 	

�

? 	#!"!#! 	�� : L �

�

?�


(this is a reorderingsince �8? 	�:

�

� � ). It sends�

4

>d6 :

to
-

� �

�

? such that
-

� �

�

?

3

�

4

>76 : . This map sends
$9���

� 4

>76 : to �_? 	"!#!#! 	

�

=
?�
 andtheset $9�

Z

�V4

>76 : to the
interval �

-

�

Z

�

? 	 �

-

�

Z

��"

�

�

? 	"!#!#! 	 �

-

�

Z

��" �

=
L �

�

?�
 of length
�

= for
Z

2

� � . Noneof theseintervalscontain � , sincethat
would give &

*

�)�)	#!#!"! 	

�


 suchthat &

3

Z

4

>76;? and
&

3

�

4

>76 : . Suchan & is not coveredby � or � . Each
interval $9�

Z

�V4

>76#: beginsat a distinctpoint
-

�

Z

�

. Sorting
theintervalsby theirstartingpoints,it followsthattheunion
of � suchintervalsof length

�

= containsat least
�

=

"

� L%�

elementsof 5�


8

. �

Figure2 illustratesthisargumentfor : �98(	'?B� �)��	

�

�

� �

. Here � � 5

�'�

A

���
	 ��
 .
PROOF OF LEMMA 11:
We considerthe cases

���

: , :

� �  

? and ?

 �

separately. Thenon-trivial caseis when ?

 �

.

1. Let
�  

:

�

? . Numbers ����	"!#!#! 	

�


 lie in distinct
congruenceclassesmod : and ? . Hence

A � A

"

A � A7h

�

�

� A � A

"

�

�

!�� A � A

"

�

�

�

�

2. Let :

� �  

? . Thenumbers�)�)	#!#!"! 	�:�
 lie in distinct
congruenceclassesmodulo: and? . HenceA � A

"

A � A7h

: and �BA � A

"

�

�

!��BA � A

"

�

�

�

: . Thisprovestheclaim
if

�  �

: solet
�

�

�

: .

Let A � A�� :@L ) for �

 

)

�

: . Thereare
�

8 numbers
 �

in eachcongruenceclassmod : . Thus
�

8
) num-

bersarenot coveredby � andhave to be coveredby
� . Since

�  

? , they lie in distinctcongruenceclasses
mod ? . HenceA � AMh

�

8
) . Usingthefactthat

�

h

�

:

hence:

�

8
h

�����

weget

� A � A

"

�

�

!��BA � A

"

�

�

�

� :�L )

"

�

�

)

�

8 h :

�

8

�

�����

3. Let
�

�

? . By Prop. 12, if A � AY� ? L � , then A � AVh

�

=

"

�VL � . Since A � A

 

:ML � , weget �

 

�

 

:ML

�

= .
Hencefor �

 

�

 

:;L

�

= we have

� A � A

"

�

�

�BA � A

"

�

�

h ��?-L �

"

�

�

�

�

=

"

�

�

We will show that this is lower boundedby
�����

. By
differentiating,this boundis minimizedat oneof the
extremevaluesof � , soit suf�ces to checktheboundis
at least

�

I

for thosevalues.When �J�.� ,

��?-L �

"

�

�

2;:

�

?=<

"

�

3

� ?
2;:

�

?=<

"

�

3

�

�

When �J� :;L

�

�

=
�

��?-L �

"

�

�

2;:

�

?=<

"

�

3

� 2 ?[L :

"

:

�

?=<

"

�

3

:

h
2

?[L :

"

�

?
3

:

� �8?[L :

�

:

"

�

:

?

Oneof �8?-L :

�

: and �

�

:

� �

? is at least
�����

: If ?

� �

: ,
�

�

:

�3�

?

�

�����

. If ?

�

�

: , then �8?[L :

�

:

�

�����

.

�

11



Wenow proceedto thealgebraicstepof theproof. Every
symmetricpolynomial ) �8�

� *

5 8 , �;. computesa sym-
metric function 	 ���

���

5 8 . Let 	 �

%

�

�

�

�

�

� 	

�

:

�

.
Everypolynomial �) �0	

.

	#!"!#! 	 	

�

�

alsocomputesafunction
	 ���

���

5 8 . The following equivalencebetweenthe two
kindsof polynomialsis givenby Theorem2.4of [10].

Proposition13 The functions that can be computedby
symmetricpolynomials) ���

�J*

5 8F, �

�

of degreelessthan
:

�

�

�

are the functionswhich can be computedby polyno-
mials �) �0	

.

	"!#!"! 	 	

�

�

.

For eachvariable 	

� , let 67G�@ ��	

�

�

denotethe degreeof
	

� in �) . If � is the largestindex sothat 67G�@ �0	

�

�

�

� then
:

�

 

67G�@ �8)

� �

:

�

. Thisgivesa boundwith anerrorfactor
of : . By de�ning anappropriateweighteddegreeof �) , we
canmakethecorrespondenceexact.

De�nition 11 Given �)���	

.

	#!"!#! 	 	

�

� *

5 8
,

	

.

	#!#!"! 	 	

�

. ,
the degreeof a monomial �

�

	

 

�

�

with
C

�

 

: L � is de-
�ned as 67G @ � �

�

	

 

�

�

�

�

�
�

C

�

:

�

. Thedegreeof �) denoted
67G @ �

�
)

�

is themaximumdegreeoverall monomials.

Notethatif � is thelargestindex suchthat 6 G @ �0	

�

�

�

�

then 67G�@ � �)

�3���  

67G�@ ��	

�

�

:

�

 

6 G @ �!� )

�

.

Lemma 14 Givenasymmetricpolynomial) ���

��*

598����

�

there is a uniquepolynomial �
) ��	

.

	#!"!#! 	 	

�

�

that computes
thesamefunction 	 �8�

���

5 8 andviceversa. Thiscorre-
spondencepreservesthedegree.

PROOF: Given a symmetric multilinear polynomial
) ���

��*

5�8
,

�/. of degree
C

, write it as ) ���

�

�

�

%

�  

-

%
$

%
���

�

. On at 0-1 input %

	B$
%

�

%

�

� �

�

���F�

%

" . By
Lucas'Theorem

2

	 �

%

�

) 3

3 5

�

�

�

2

	

�

)

�

3

4

>76#:

Furtherthepolynomial �

�

�

���

�

�

%

�

" hasdegree
�

�

)

�

:

�

��) .
Thus ) ���

�

computesthesamefunctionas

�) �0	

.

	"!#!"! 	 	

�

�

�

 

+

%

�

.

-

%

5

�

�

�

2

	

�

)

�

3

4

>76#:

andthey havethesamedegree.
To provetheotherdirection,observethatthemonomials

�

�

�

�
�

�

�

%

�

" with )

�

 

:/L%� form a basisfor polynomialsin
5

8 ,
	

.

	"!#!#! 	 	

�

. with degreeat most:OL%� in each	

�

. Fur-
therwriting a polynomialin this basisdoesnot changethe
degreeasde�ned above. Let ) �

�

�

)

�

:

�

bethedegreeof

the monomial �

�

�

�

�

%

�

" . Hencegiven �) ��	

.

	"!#!#! 	 	

�

�

with
degree

C

, onecanwrite

�) �0	

.

	#!"!#! 	 	

�

�

�

�

�

 

+

%

�

.

-

%

5

���

�

2

	

�

)

�

3

By Lucas' theorem,this computesthesamefunctionasthe
polynomial ) ���

�

�

�

%

�! 

-

% $ % �8�

�

. �

For 	

*

� � 	#!#!"! 	

�


 , let 	 �

�

�

�

�

.

W

�

:

�

�

�

%

�

�

.

U

�

?

�

denote the base : and base ? expansionsof 	 . For
�) � W

.

	"!#!#! 	'W

�

��*

598 , W

.

	#!"!#! 	$W

�

. let �) �0	

�

denotethepoly-
nomial �) appliedto the base: expansionof 	 . As con-
sequenceof Lemma14, to prove Theorem10 it suf�ces to
provethefollowing Proposition.

Proposition15 Let �)���	

� *

5 8 , W

.

	#!"!#! 	'W

�

. and �< ��	

�/*

5>= , U

.

	"!#!#!�	$U % . bepolynomialssuch that

�
) ���

�

3

�

4

>76#: and �
< ���

�

3

�

4

>d6;?

For �

 

	

 %�

,

�) �0	

�

3

�

4

>76 : or �< �0	

�

3

�

4

>d6@?

Further 67G�@ �!� )

�

!_67G @ �!� <

�

h

�

�

.

.

PROOF: Let e denotethelargestindex suchthat 6 G @ � W

a

�

h

� in �) . This implies 67G�@ � �)

�

h :

a

and �) �0	

�

�

�) � W

.

	"!#!#! 	'W

a

�

. Similarly let f be the largest index so
that 67G�@ ��U

c

�

h � . Then 67G�@ � �<

�

h ?

c

and �< ��	

�

�

�<�� U

.

	#!"!#! 	'U

c

�

. Hence 67G @ � �)

�

!�67G @ �!� <

�

h :

a

?

c

. This
provesthedesiredboundfor

���

��� :

a

?

c

. Sowe may as-
sumethat

�

h ��� :

a

?

c

.
Also

� �

:

a��

�

?

c �

�

, sinceif 	 � :

a��

�

?

c �

�  �

, then
W

.

	#!"!#! 	$W

a

� � and U

.

	"!#!#! 	'U

c

� � so

�) � :�a��

�

?Fc �

�

�

� �) ��� 	#!"!#! 	3�

�

3

�

4

>76#:

�<�� :
a��

�

?
c �

�

�

� �< �+�
	#!"!#! 	 �

�

3

�

4

>76#:

whichcontradictsthehypothesis.Let
�

�

�

�

�

8
^

=
`

�

�

:�? .

Let us considerinputs of the form 	 �

9

:

a

?

c

where
�

 9  

�

�

. Observe that this implies W

.

	"!#!"! 	$W

a

�

�

� �

and W

a

3

9

?

c

4

>76 : . Similarly U

.

	"!#!#! 	'U

c

�

�

� � and
U

c

3

9

:

a

4

>76 ? . De�ne polynomials
�

���

� *

5
8 ,

�M. as
�

���

�

� �)����
	"!#!"! 	3� 	�� ?

c

�

, and $9���

�J*

5-=
,

�M. as $9���

�

�

�<���� 	#!#!"! 	3� 	��9:

a

�

. Thisimplies 6 G @ �

�

�

� 6 G @ ��W

a

�  

:�L!�

and 67G @ � $

�

�967G�@ ��U

c

�� 

?[L � . Notethat
�

���

�

3

�

4

>76 : and $9�+�

�

3

�

4

>76;? (15)
�

�

9
�

3

�

4

>76 : or $9�

9(�

3

�

4

>76 ? �

 9  

�

�

We de�ne � � 5 


8

and � � 5�


=

to be the � setsof
�

���

�

and $9���

�

respectively. By equation15 � and � cover
,

�

�

. .
Soby Lemma11,

�867G @ � W

a

��"

�

�

��67G�@ ��U

c

� "

�

�

h

�

�����

12



Since 67G @ � W

a

�

	'67G�@ ��U

c

�

h � , this implies that 67G�@ � W

a

�

!

67G @ � U

c

�

h

�

� ���

. Since 67G�@ � �)

�

h :

a

67G @ � W

a

�

and
67G @ � �<

�

h ?

c

67G�@ ��U

c

�

,

67G�@ �!� )

�

!#67G�@ �!� <

�

h

�

�

�

:�a ?Fc

�

�

�

���

� �

�

�

���

Thesecondinequalityusesthefactthat
�

h.� � :

a

?

c

hence

:

a

?

c

�

�

8 ^ = ` �

���

�

�

.

. �

5 Discussionand OpenProblems

Following the breakthroughof Baraket al. [8], the al-
gebraicconstructiondescribedhereareno longerthe best
constructionsknown. However, the appealof thesecon-
structionsis theirsimplicity andelegance,togetherwith the
fact that they arevery explicit. Sowe believe that it is im-
portantto resolvethequestionof whetherthisapproachcan
beattheFrankl-Wilsonbound.As we have seen,this prob-
lem is intimately linked to well-studiedquestionsin com-
plexity theory.

Lower Boundsfor Asymmetric Polynomials:

The questionof whethertherearelower degreeweakrep-
resentationsof theOR functionmod6 hasbeenopenfor a
while. Thiswork raisesthequestionof whetherlow degree
OR representationsexist for our de�nition. Better upper
boundswould give betterRamsey graphs. Lower bounds
for primerepresentationswill imply lowerboundsfor weak
representationsmod6. Prime-powerrepresentationsareex-
citing from the lower boundviewpoint sincethey have not
beenstudiedpreviously andmight turn out to be easierto
work with. The

;

�=<?>�@

���

lower boundof [22] appliesto
bothkindsof representations.

Both our lower boundsfor symmetricpolynomialsfol-
low a similar scheme:we characterizethezero-setsof low-
degreesymmetricpolynomialsandthenshow that thereis
no goodpartition of the hypercube.A naturalquestionis
whethersucha schemecould extend to the generalcase.
The�rst stepwouldbeto giveaof characterizationof zero-
setsof low degreepolynomials.Motivatedby this we pose
thefollowing problems:

1. Given $ � � � 	 ��


�YA

� , let 67G @

8

� $

�

denotethesmallest
degreeof a polynomial in 598

,
�;. which is � at every

point in $ but notat theorigin. Givea lowerboundon
67G @

8

� $

�

.

2. Given $

�

���
	 ��


�

, let 67G @

�

8

� $

�

denotethe smallest
degreeof apolynomialin 5

8F,
�;. which is � over $ but

not at every point in ���
	���


�

. Give a lower boundon
67G @

�

8

� $

�

.

Notethatboththesequantitiesareeasyto compute,since
they involvecheckingwhetherasystemof equationsis fea-
sible.Wearelookingfor acombinatoriallowerbound,per-
hapsanalogousto Lemma6. Thelatterquantity

C����

�

	

� $

�

is
closelyrelatedto thenotionof thedegreeof a subsetstud-
iedby Smolensky with aview towardsprovingcircuit lower
bounds[21]. The main differenceis that he requiresthe
zero-setto beexactly theset $ .

Limitations to Constructionsbasedon Distances:

We have shown that using symmetricpolynomialsin out
construction,currenttechniquescannotgive betterbounds
on �����

�

	&���+�

�

. Note that for the constructionsof Alon,
Frankl-Wilson and Grolmusz, this techniquegives tight
bounds.Thisraisesthequestion:do constructionsbasedon
symmetricpolynomialscontaineithera large cliqueor in-
dependentset?

Usinga symmetricpolynomialin our constructiongives
a graphwhereedgesareaddedbetweenverticesbasedon
the Hammingdistancebetweenthem. More formally, let




�

�)�)	#!"!#! 	

�


 . The graph � �




�

is de�ned asfollows:
Thevertex setis � �
	���


�

. We add �

%

	'1

�

to Q if
C

�

%

	$1

� *




. Is it true that for every choiceof



, � �




�

containsa
largecliqueor independentset?
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