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Abstract

Explicit constructionof Ramsg graphsor graphswith
no large clique or independenset, has remaineda chal-
lengingopenproblemfor a longtime While Erdos' proba-
bilistic argumentshowsthe existenceof graphson  ver
ticeswith no clique or independensetof size , the best
explicit constructionsachieve a far wealer bound. Con-
structing Ramsg graphsis closelyrelatedto polynomial
representation®f Booleanfunctions;a low degreerepre-
sentationfor the OR functioncan be usedto explicitly con-
structRamsg graphs[17].

We genearlize the above relation by proposinga new
framavork. We proposea new de nition of OR represen-
tations: a pair of polynomialsrepresentthe OR functionif
the union of their zeo setscontainsall pointsin
excepttheorigin. We give a simpleconstructionof a Ram-
sey graph usingsud polynomials. Furthermoe, we show
that all the knownalgebraic constructionspnesto dueto
Frankl-Wison [12], Grolmusz[17] and Alon [2] are cap-
turedby this framevork; they canall be derivedfromvari-
ousORrepresentationsf degree " basedonsymmet-
ric polynomials.

Thusthebarrier to betterRamsg constructionghrough
sud algebraic methodsappeas to be the constructionof
lower degree representations.Using new algebraic tech-
nigues,we showthat betterboundscannotbe obtainedus-
ing symmetrigpolynomials.

1 Intr oduction

This paperstudiesa problemat the intersectiorof com-
binatoricsandcomputationatompleity.

The combinatorial problem is that of explicitly con-
structingRamsg graphs.Ramsg'stheoremshavs thatev-
ery graphon  verticeshaseithera clique or anindepen-
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dentsetof size . In his seminal1947 paperintroduc-
ing the probabilisticmethod Erdos shavedthatthereexist
graphswith  verticeswhere

[11]. He posedthe questionof constructingsuchRamsg
graphsexplicitly andoffereda prize of forit. Thisis
a centralopenproblemin explicit combinatorialconstruc-
tions; the bestknown constructiondo datearefar from the
probabilisticbound.The rst breakthrouglonthis problem
wasdueto FranklandWilsonin 1981[12]; their construc-
tion gives . For overtwo decades,
therewasno improvementon this bounddespitemuchef-
fort. However therewereotherconstructionknown dueto
GrolmuszandAlon [17, 2] thatachieved exactly the same
bound, and also extendedto the problemof constructing
multi-color Ramsg graphs,which is to -color the edges
of the completegraphso thatthereis not large monochro-
maticclique. At rst sight,the constructiorof Grolmuszis
quite differentfrom that of Alon and Frankl-Wilson, yet it
givesexactly the samebound. All threeconstructionsise
algebraictechniquesthoughin differentways. Very re-
centlyin 2006, the Frankl-WIson boundwas beatenby a
new constructiondueto Barak, Rao, Shaltieland Wigder
son[8] whichrelieson machineryfrom pseudorandomness.

The compleity problemis to provetight degreebounds
for polynomialscomputingBooleanfunctionsover . A
centralopenproblemin circuit compleity is to show lower
boundsfor ACC, the classof circuits with And, Or and
Mod gates. As a rst steptowardsthis goal, Barrington,
Beigel and Rudich (BBR) studiedpolynomial representa-
tions of Booleanfunctionsmodulo compositeq9]. They
foundsurprisinglythatsuchrepresentationgremuchmore
powerful over thanover  when s prime. They
shaved that the OR function can be representedby sym-
metric polynomialsof degree " over andproved
a matchinglower boundfor symmetricpolynomials. They
asledif betterrepresentationaxist usingasymmetrigoly-
nomials. Tardosand Barringtonproved a lower bound of

[22]. Thisis the bestlower boundknown for ary
function, despitemucheffort [16, 23, 15, 3, 10]. The main



openguestionis whetherasymmetriqpolynomialscangive
lower degreerepresentationsf symmetricfunctionsthan
symmetricpolynomials.

A surprising connectionbetweenthesetwo problems
wasdiscoveredby Grolmusz,who usedthe OR polynomi-
als of BBR to constructRamsg graphs[17, 18]. As an
intermediatestep,he constructedh setsystemof size
on elementsvhereall setsizesare mod6 but all inter-
sectionsare non-zeromod , settlingan openproblemin
extremal settheory He constructedRamsg graphsfrom
this setsystemandshavedthatlower degreeOR represen-
tationsmod 6 would give betterRamsg graphs.

Our work generalizesand extendsthe connectionbe-
tweenOR polynomialsandRamsg graphs.We proposea
new de nition of anOR representationa pair of polynomi-
alsrepresenthe ORfunctionon variablesif theunionof
their zeio setscontainsall pointsin excepttheori-
gin. We give a simpleconstructiorof a Ramsg graphfrom
suchrepresentations.This viewpoint basedon OR poly-
nomialsuni es the constructionsof Frankl-Wison, Alon
and Grolmusz: they canall be derived from variousOR
representationsf degree " basednsymmetricpoly-
nomials. Thusthe barrierto betterRamsg constructions
throughalgebraidechniquesppeardo betheconstruction
of lower degreerepresentations.On one hand, sincethe
bestlower boundfor ary of theserepresentations only

thereis the possibility of betterconstructionsOn
the otherhand,we shawv that furtherimprovementscannot
comefrom representationsising symmetricpolynomials;
we provean ~ lowerboundfor suchrepresentations.

1.1.1 RamseyGraphs from OR Representations:

Let denotea vector of variablesand

denotea Booleanvector The follow-

ing de nition of Booleanfunction representatioomodulo
wasintroducedoy BBR [9].

De nition 1 Polynomial
sentsghefunction mod
then

weakly repre-
if for , if

We proposethe following de nition of an OR represen-
tation.

De nition 2 Polynomials and
representhe ORfunctionon variablesif

and
andfor

or

whee are primes. The degreeof the representatioris

One can combinethe two polynomialsusing the Chi-
neseRemaindeiTheorem(CRT) to geta singlepolynomial
that weakly represent©OR mod . However the speci c
choiceof valuesoutputby the weak representations im-
portantfor our application.The constructiorof BBR gives
adegree ~ ORrepresentationsingpolynomialsover

and . A simplerepresentatioof degree ~ with

usingpolynomialsover and canbede-
rivedfrom Alon's constructionThis highlightsanotherif-
ferenceaboutour de nition andweakrepresentationsfor
Ramsg constructionswe are not restrictedto ary x ed
moduli and , we arefree to choosethemin ary way,
(possiblyasfunctionsof ) sothatthedegreeis minimized
asafunctionof

We giveasimpleRamsg constructiorbasebn ORrep-
resentations:the vertex setis and we add edge

to if isin thezerosetof , Where
denoteghe symmetricdifferenceof and . In orderto
bound and , we usethe notion of representa-
tions of graphsover spacesf polynomialsintroducedby
Alon [2]. Theideais to assignpolynomialsto the vertices
of sothatthepolynomialsassignedo verticesin aclique
arelinearlyindependent.

De nition 3 Let beagraphand bea setpoly-

nomialsin  variablesover eld . A polynomialrepre-

sentationof  over is an assignmenbf a polynomial
anda point to whee:

For eacth ,
If then

It is easyto seethat which is the di-
mensionof the vectorspacespannedy polynomialsin
. We usethe polynomial to constructa represen-
tationof over and to constructa representa-
tionof over . TheFrankl-Wisonconstructiorcanalso
be viewed in this framework, wherewe represent over
and over . However, quotingAlon ‘It seemghat
this constructiondoesnot extendto the caseof more than
2 colors' [2]. We proposeade nition of OR representation
which leadsto suchanextension.

De nition 4 Polynomials and
representhe ORfunctionon variablesif

and
andfor
or
whee isprimeand .Thedgyreeof therepresenta-

tionis



To differentiatethe representationsf De nitions 2 and4,

we referto themasprimerepresentationand prime-paver

representationsespectiely. The Frankl-Wlson construc-
tion canbe usedto show that for , thereexist

OR representationsf degree " . Theinterestingfea-

tureof thisrepresentatiors thatit doesnotusethe Chinese
RemainderTheorem(CRT). The constructionof Ramsg

graphsfrom prime-paver representationstaysthe same;
thedifferencds in theanalysis.For this,we introducepoly-

nomialrepresentationsf  over

De nition 5 Let beagraphand a setof poly-
nomialsin variablesover . A polynomialrepresentation

of over isanassignmendfa polynomial
anda point to s.t.:

For eath ,

If then

We shaw that the polynomialsassignedo a clique are
linearlyindependentver so is boundedby thedi-
mensiorof the -vectorspacespannedy . Likepolyno-
mial representationsf graphsover , representationgver

assigrlinearly independenpolynomialsover to ver
ticesin aclique. A crucialdifferencds thatrepresentations

over tensorthoseover donot Thismeanghatif we
have setsof polynomials and thatrepresent and
over ,then represents over foranap-

propriatede nition of graphproduct(se€e[2] for de nitions
andproofs). Thisis importantfor theoriginal applicationof
theserepresentationsyhich wasto boundthe Shannorca-
pacityof thegraph.However, this propertyimpliesthatone
cannoigetlow dimensionatepresentationsf both and
over ,since  alwayshasalargeclique.Butsince
haszerodivisors, we losethis tensorproductproperty so
we cansimultaneouslygetlow dimensionatepresentations
of and over

We couldrestatehisargumentfrom theviewpointof OR
representationdVe cannotgetlow degreeprimerepresen-
tationshby taking sincethen
is atevery pointin exceptthe origin, and such
a polynomial requiresdegree . But this agumentdoes
not extendto prime-paver representationsecaus®f zero-
divisors.

All the OR representationsbove achieve a bound of

~using symmetric polynomials. Plugging them

into the simple constructionabove gives

asopposedo the bestboundof . How-
ever, by massaginghe polynomialsand working with set
intersectionsas opposedto distanceswe get exactly the
construction®f Frankl-Wlson, GrolmuszandAlon.

Here are someadvantagef our uni ed view of these
constructions:

It placesthe constructionsf Alon andFrankl-Wison
in the context of OR polynomials,andraisesthe pos-
sibility of gettingbetterconstructiongrom low degree
representationshenotionsof prime-paverrepresen-
tationsof graphsand Booleanfunctionsarisingfrom
the Frankl-Wlson constructionare of independenin-
terest.

It relatesthe constructionof Grolmuszto those of
Frankl-Wilson and Alon, which look very differentat
rst. Our Ramsg graph constructionfrom the OR
polynomialof BBR is simpleanddirect. In factit takes
somework to shav thatwe getthesamegraphasGrol-
musz. Viewing this constructionin termsof setinter-
sections,we derive improved boundsfor setsystems
with restrictedintersectionsnoduloprime powers.

In this view, all the constructionsnaturally extendto
multicolor Ramsg graphs.To construct -color Ram-
sey graphs,we de ne OR representationivolving

polynomialsover where are
prime powers. Taking powersof thesameprime  ex-
tendsthe Frankl-Wlson construction.

1.1.2 Lower Bounds:

A naturalquestionis to show tight degreeboundsfor OR
representationsA betterupperboundwould leadto bet-
ter Ramsg graphs.Lower boundsareinterestingfrom the
compleity-theory viewpoint of understandingpolynomial
representationsver composites.For the OR function, we
believe De nition 2 is the right oneto use,sinceit seems
to eliminatedependencef the degreeon the modulus
Also it placesthe problemin the contet of understanding
thezero-set®f low degreepolynomialsover . Thisques-
tion hasbeenstudiedn variousothercontextsincludinglow
degreetesting,zero-testingand derandomizatiorfseeSec-
tion 5). Prime-paver representationareinterestingsince
they do not rely on the CRT. Interestingly the

lower bound[22] alsodoesnot usethe CRT, soit applies
to prime-paverrepresentationto. It is possiblethatprov-
ing boundsfor prime-paver representations easierthan
theprimecase.

Degreelower boundsextenda line of work in combina-
torics aimedat understandingvhy explicit Ramsg graphs
arehardto constructpy shawving limitationsto variousnat-
ural techniquesA conjectureof Babaistateghatonecan-
notconstrucgoodRamsg graphsbhasednthesignof aset
of real polynomials. Therehasbeenconsiderablgrogress
towardsproving this conjectureby Alon etal. [1, 4]. De-
greelower boundsare wealer since they say the known
techniqudor bounding and doesnotyield good
bounds, as opposedto shaving either or is
large. But on the other hand,thereare no good Ramsg



constructionsusing signs of real polynomials,while OR

representationarethe besttechniqueknown for this prob-
lem. Further the Ramsg graph constructionsbasedon

symmetricpolynomialsresultin graphswherethe vertex

setis andwhereedgesareaddedbetweervertices
basedntheHammingdistancebetweerthem.Suchgraphs
possesa high degreeof symmetrywhich is unlikely in a
randomgraph. Our degreelower boundsuggestshat per

hapssuchRamsg graphconstructionscannotgive better
parametergseeSections).

We shov adegree ~ lowerboundfor ORrepresen-
tationsby symmetricpolynomials. Thus betterrepresen-
tationsif they exist mustuseasymmetricpolynomials. A
lower boundof ~ is known for symmetricpolynomi-
alsthatweakly represenODR mod [9]. Onemight guess
that similar algumentsshouldwork evenfor our de nition
of ORrepresentation$ut thisis incorrect.In factthesame

argumentdoesnot sufce even for prime representations.

Thepreciseboundthey prove,andwhich holdsfor all weak
representationis . Thisis good
enoughwhen are small, but if asin Alon's
constructionthis givesa boundof . Onecannothopefor
a strongerresult sincethe polynomial of degree
weakly represent©R on variablesover . Our
de nition restrictsthe valuesoutputby the weakrepresen-
tation, makingit possibleto shov boundsindependentf
themodulus . But exploiting this differencecallsfor new
techniques peyond the periodicity basedargumentsused
for weak representationf9, 10]. Our lower boundsalso
applyto the polynomialsusedin the constructiorbasedon
setintersections.

1.1.3 Our Techniques:

While lower boundsfor the prime and prime-paver cases
arevery different,they have similar high-level structure:an
algebraic part wherewe shaw thatif the zero-setof the
polynomialhascertainstructure thenthe polynomialmust
have high degree,anda combinatorialpart wherewe argue
thatthereis no goodpatrtition of hypercubethatary parti-
tion resultsin oneof the polynomialshaving high degree.
For the prime-paver case,we translatethe problemto
one aboutunivariate polynomialsmodulo However
over it is nolongertruethatadegree polynomialcan
have only roots(take for instance);so we neednew
tools for degreelower bounds. Building on an algorithm
for interpolationover by the author[14], we de ne a
greedysequencewhich roughly is a sequencehat is dis-
tributeduniformly amongvariouscongruencelassesnod-
ulo powersof . We shav thatthelongestgreedysequence
in the zero-setlower-boundsthe degreeof a polynomial.
Thena combinatorialagumentshows thatin arny partition
of integers into and , oneof themcontainsa

long greedysequence.

For the prime case,we view a symmetricpolynomial

actingon a 0-1 vector asa polynomial actingon
in the digits of the base expansionof the weight
following [10]. Thereit wasshavn that canbeusedto
bound within a factorof ; we introducea notion
of weighteddegreeof thatexactly captureshe degreeof

. The combinatorialpart of the proof usesa numberthe-
oreticlemmawhich seem=f independeninterest. It says
thatif areprimes, and and are
subsetsothatevery numberin liesin  mod
orin mod ,thenoneof or hastobelarge.

We presentour simple Ramsg constructionsbasedon
distancesn Section2. Thelower boundsfor prime-paver
representationgare in Section3, followed by someopen
problemsn Section5. In thefull versionof this paper13],
we give analternateconstructiorbasedn setintersections
that resultsin exactly the constructionsof Frankl-Wison,
Grolmuszand Alon. We also give improved boundsfor
setsystemawith restrictedntersectionsnoduloprime pow-
ers.Theseboundsarein factimplicitly usedin someof our
Ramsg constructions.

Let . Given let denote
its Hammingweight. Given , denotes
symmetricdifference, denoteghe bitwise AND and

denoteHammingdistance Let for
. Let denotethe  elemen-

tary symmetricpolynomial. Every multilinear symmetric
polynomialcanbe written asa linear combinationof these
polynomials.We will uselLucas' Theoremaboutbinomial
coefcients modulo which states:

Factl Let
Then
For , letthevaluationof denoted bethehigh-
estpowerof thatdivides . Let . We havethe
ultrametricinequality and
We saya Ramsg graph is explicit if thereis a

deterministic time algorithmto computethe ad-
jaceny matrix andvery explicit if thereis a deterministic



algorithmthat computesthe adjaceng rela-
tion. We brie y describethe known explicit constructions
of Ramsg graphsn chronologicabrder

Frankl-W ilson [12]: Take primeand . The
vertex setconsistf all subsetof of size . Two
vertices and areadjacenif . One

canboundthe size of and
resultsfrom extremalsettheory[12, 5].
Grolmusz[17, 18] : The mainstepis to constructa set
system on  of size sothat but
. Theverticesof thegraph aresetsof
and areadjacentf is odd. Onecanbound
and usingresultsfrom extremalsettheory
Alon [2]: Take to be nearly equal primesand
. The vertex setconsistsof all subsetf of

using well-known

size . Two vertices and are adjacentf
. To bound and , we construct
representationsf over and over

Barak [7]: Barakgivesaproductbasedtonstructior(dis-
coveredindependenthpy PudlakandRodl) wherewe rst
explicitly searcHor agoodRamsg graphin asmallsample
spaceandthenusethe Abbot productto getalargergraph.
This gives and - forary

. A similar productbasedonstructionput with worse
parameterss givenby Naor[20].

Barak-Rao-Shaltiel-Wigderson[8]: In arecentbreak-
through, Barak et al. give a constructionthat achieves

. In factthey solve a more general
problem, which is to constructbipartite Ramsg graphs.
Their constructionis ratherintricate and makessigni cant
useof machinerydevelopedor extractingrandomnesgom
weakrandomsources.

The rst threeconstructionsabove arevery explicit, the
lasttwo aremerelyexplicit.

2 OR Polynomials and Ramseygraphs

In this sectionwe prove the correctnessf the construc-
tion describedin the introduction. While the graphsob-
tainedarenot quite optimal, the constructioris simpleand
bestexplainsthecloseconnectionbetweerORrepresenta-
tionsandRamsg graphs.

If graph hasarepresentationvera eld asin Def-
inition 3, it is easyto show that where

is the dimensionof the -vector spacespanned

by [2]. For representationsver , we shav that
where is the dimensionof the
-vector spacespannedy . Theproofis by avaluation

basedargumentsimilar to oneusedby Babaietal. [6].

Lemma?2 If
, then

hasa polynomialrepresentatiorover

PROOF: Let be a clique. We claim thatthe poly-
nomials for arelinearlyindependentver
Assumefor contradictiorthat

By clearingdenominatorsy.m.athat , andby re-
moving commonfactorsw.m.athat doesnotdivide  for

some . Rearrangingerms,we have
Substituting ,
Since and , we have
. But and , then
is anedge,hence . Sothe RHS
is divisibleby , whichis acontradiction.
Construction 1 Graph from OR poly-
nomials.
Let .
If , add an edge

Theorem3 Givena degree ORrepresentationgraph
has verticesand

PrRoOOF: Assumethatwe have a prime representationWe

give apolynomialrepresentatioof  over
For eachvertex , let if

and if . Dene to be
thepolynomialobtainedoy multilinearizing
(i.e setting ). Notethatfor ,

. Hence . Ontheother
hand from ourconstructionif then

. Hence

Thuswe geta polynomialrepresentationf  over

Sincethe sareall multilinear polynomialsof degree
atmost in variables,they lie in a vector spaceof di-
mension . This shaws that . Similarly,
if is not an edgethen , hence
. Usingthis we constructarepresen-

tationof over andbound
For prime-paver representationsf OR, we canrepre-
sent and over by the sameargument.

One canconstructexplicit Ramsg graphsby plugging
in variousOR representationdescribedelow; all of which



give 7_ usingsymmetricpolynomials.This gives
aboundof for someconstant onthecliquesize.
In factthe constructiondelow have the propertythatgiven

vertices , thecolor of theedge canbe
computedn time
Alon [2]: Let be primesand|let
De ne and as
1)
For , since , by the CRT
or . By Fermats The-
orem, in the former case , in the latter
. Taking nearly equalgives degree
BBR [9]: Let . Dene
and as
)
Since for , and
in fact have coefcients from and . For ,
Lucas' theoremimplies
that if then , andif
then . We canchoose
s.t. ~ for ary [19].

Both representationgbove are prime representations,
we now constructprime power representationsFor ease
of exposition,we restateDe nition 4 of prime-paver rep-
resentationsn termsof rational polynomials;we omit the
simpleproofof equivalence.

De nition 6 Polynomials represent
the ORfunctionon if
and
andfor
or
for a prime . The degree of the representationis

Note thatin general could be rational. Whenwe
say , We mean is aninteger sat-
isfying the condition. However by this de nition, if
and ,then neednotbeanintegerand
viceversa.

Frankl-Wilson [12]: Take primeand
De ne as

— @)

For a non-zerovector we have
f then f
, then — hence
. Thedegreeis N

We constructrepresentationwith the prime x edand
varying, analogousto [9]. Let De ne
as

(4)

The proof of correctnesss throughLucas'theorem.

Pluggingary of thesepolynomialsinto constructionl
gives the following type of graph: Add to if
where is eithera prime or a prime
power closeto
For constructing -color Ramsg graphs,we de ne OR
representationsith polynomials such
that the union of their zero setsif . Wecan
extend constructionsn Equationsl, 2 by taking distinct
primes. To extendthe constructionof Equation3, let
. For de ne

— (5)
We cansimilarly extendEquation4, we omit the details.

3 Lower Boundsfor Prime-power Represen-
tations

In this sectionwe prove a lower boundfor prime-paver
representationsy symmetricpolynomials.

Theorem4 Let and be
symmetrigoolynomialsthat representthe OR functionon
variables.Then -.

Sincea symmetricpolynomial on 0-1 inputsis essen-
tially a polynomialin the weight of the input, we canre-
stateTheorem4 in termsof integer polynomials. The for-
mal proofis easyandis omitted. While we couldalsowork



with polynomialsin , the presenceof zerodivisors
would make it messietto usevaluations.

Proposition5 Let be univariate

polynomialssuc that for ,
or (6)
Then -.

The next two Lemmas(6 and7) develop tools to shov
degreeboundsfor suchpolynomials.

De nition 7 A sequence of integers is
calleda greedysequencd for all

for
Let usde ne and
for . Thede nition of a greedysequenceanbere-
statedas for . Givenary

set , we canorderit elementgreedilyasfollowsto geta
greedysequencewe choose arbitrarily; having chosen

we choose to be the elementthat
minimizes
Lemma6 Let be a greedysequence
Let besud that

for
Then

PrROOF: Theproofis by inductionon . We will show the
corverse hamelythatif

The basecase is trivial, in this case is con-
stantso it is clearthat . Assume
the propertyholds for greedysequencesf length

Givenapolynomial of dggree , since
is a monic polynomialof degree , We write

, Where is a polynomial of
degree . Substituting ,

henceby the ultrametricinequality

(7)

, hote that the sequence
obtainedby deleting

To lower bound
of length

is alsogreedy Henceapplyingtheinductive hypoth-
esisto , we get

(8)

The last equality follows since for
, hence We now lower bound
. Using the greedyproperty of the se-
guence ,

Hencewe have

9)
is a greedysequenceand hasde-
, we getby inductionthat

Since
gree

(10)

CombiningEquations/, 8, 9, 10 givesthe desiredresult.

An exampleof a greedysequencés when
areconsecutieintegers.Thuswhile adegree polynomial
over canhave several zeroesthelemmaimpliesthatit
canhaveatmost consecutiezeroesTheintuition for this
Lemmais from an algorithmfor polynomialinterpolation
over by theauthor[14]. Givenaset , andvalues
for of somepolynomialin , the algorithm
will outputthe smallestdegreepolynomial that ts
the data, provided it seesthe elementsof in the above
greedyorder If the polynomialis on every elementbut
the last, the algorithmis forcedto outputa polynomial of
degree

Next wede ne thenotionof agreedyarrayandonorder
ing of its elementswhich we useto constructiong greedy
sequencesGivena -dimensionalmatrix  of dimension

, weuse to denote

De nition 8 A -dimensionamatrix of distinctintegers
is calleda greedyarray if

(11)
De nition 9 Givena -dimensionaimatrix —andindices
, let . Then if
For example, considerthe array where
and .
Thusthearraycontains with numbers
indexedby their base-pexpansion.Since depends

on the smallestdigit where and , thisis a greedyarray
The orderingde ned above givesthe usualorderingof in-
tegers,it dependon the largestdigit wherethe expansions
differ.



Lemma7 Ordering elementsof a greedyarray gives a
greedysequence

ProOF: We wantto shav thatfor

(12)
For , we de ne theset
Theindices areunrestrictedNotethatthe s
aredisjoint andthey partitionthe set . We shav
thatfor every , andfor

(13)
Equation12 will follow by summingover all Hence

Note that if then
. Accordingly we partition  into
asfollows: for ,

considera x ed

For we have sincefor all
, SO . Now given let usde ne
thesets asfollows. For ,
Unlike for , for it couldbethat , SO
wehave . Sincetheindices
areunrestrictedn ,wehave for

. We now prove Equationl13.

Hencethe claim follows.

A two-dimensionafjreedyarrayis amatrix  of integers
suchthat elementsn the samerow are congruentmod
while elementsin distinct rows are not congruentmod
Lemma7 saysthatorderingtheelementof column-wise
givesagreedysequence.

This concludeshe algebraicstepof the proof. Let us
sketchthe restof the proof when , which cor-
responddo the Frankl-Wlson construction(seeFigure1).
De ne thesets

Notethat

ther and partitiontheset
terseconly at . We will shav that and
greedyarrays.

Arrange in grid, eachrow corre-
spondingo acongruencelassmod .

Within eachrow, placeelementdying in  beforethose
in . Since liesin , placeall otherelementsn
whichare before .

Sortthe rows accordingto how mary elementgrom
they contain.

This reorderingis illustratedin Figure 1, the dark line
separates and . Itisclearthat and containgreedy

for every in . Fur
andthey in-
containlarge

arrays of size and of size respectiely
(indicatedby shadedegions)sothat
. Fromthis it follows that . Also, we

canensurethat is the last elementof thesearraysin the
column-wiseordering.So is minimizedatthelast
elementin , henceby Lemma7 . Sim-
ilarly , which provesthe desiredbound.
Also, is minimizedwhen ,
and (or vice versa),the corre-

spondingpolynomialsgive exactly the Frankl-Wlson con-
struction.

The prooffor general is ahigh dimensionakxtension
of thisagument.The next lemma(Lemma8) saysthatary
disjoint partition of into will resultin
oneof the partitionshaving a greedyarrayof size . In
factwe prove somethingtrongeywe canchooseghedimen-
sionsof thearrayto beary solutionto Equationl4. We also
assumehat is of the form which malesit easier
to useinduction.

Lemma8 Let . Let be disjoint setsof
integers sud that . Given
anypositiveintegers satisfying

For (14)
either containsa greedyarray of size or

containsa greedyarray of size



Figure 1. Lower bound for

ProOF: The proofis by inductionon (the dimensionof

thegreedyarrays).
When , we have disjoint sets sothat
hence . Since
ary orderingof and givesgreedyarraysof size  and
respectiely. Given suchthat , if
,then .
Assumethatthe claimis trueupto . For

, we de ne thefollowing sets

We de ne sets and
each , and

similarly. Note that for
aredisjoint, further
. Sotheinductionhypothesisappliedto
and with impliesthat
either containsagreedyarrayof size or
containsagreedyarrayof size . Wede ne
thefollowing sets

hasagreedyarray of size
hasagreedyarray of size
Since aredisjoint and we have either
or . Assume . Wedene a
greedyarray of size asfollows. Choose
of size . For each , the row of
containghepre-image of in of dimension
We needto verify that  satis es
Given and , if , then

so the condition holds. Now assume
that , Sothat . Since
and arein the samerow, for

and the Frankl-Wilson construction

. So

Notethat
is agreedyarrayof theright dimension.

. Hence

The next Lemmais the key stepin the combinatorialar-
gument. Now we considersets and which intersect
only at , andwe wantto producegreedyarraysthatendat

by our ordering. We shaw that sucharraysexist whose
dimensionsatisfyEquation14.

Lemma9 Partition Lemma: Let . Let
be setsof integers suc that

Then there exist positive integers
satisfying Equation 14, so

that containsa greedyarray of size

and containsa greedyarray  of size ,

andboth and contain asthelastelement.
ProoF: Theproofis by inductionon .
When , we have sets
and SO .
We take . De ne tobeanorderingof
where comedast,similarly for
Assumethatthe claim holdsup to . For
, we de ne the sets asbefore.

so that



Notethat

By induction,thereexist and as
abovesothat containsagreedyarrayof size
and containagreedyarrayof size

For we have

HenceapplyingLemmas, either containsanarray of

size or containsagreedyarrayof size
. Againwe de ne thesets
hasagreedyarray of size
hasagreedyarray of size
Let . Since and
we have . Order and
sothat is the lastelement. We de ne a greedyarray
of size asfollows. For each , the
row of containsthe pre-image of in of
dimension . Similarly wede ne  where
the  row containsthe pre-image of in . The

proof thatthesearegreedyarraysfollows Lemma8. They
bothcontain asthelastelementy induction.

We now completethe proof of Theoremd.
PROOF OF THEOREM 4:
Assumethat

and

. We canchoose sothat
. De ne thesets

Applying Lemma9 impliesthat and
arrays and of size and
respectiely where and satisfy Equation14. Apply-

ing Lemma7, by ordering we get a greedysequence

containgreedy

in  of length . By thedef-
inition of set , for . Soby
Lemma6
Similarly we geta greedysequencef length in

endingin . Note thatby Equation6, and
implies . Soby Lemmas,

. By Equation14, for and

. Hence

For the Frankl-WlIson constructionwhere , we
get whichis tight.
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4 Lower Boundsfor Prime Representations

In this sectionwe prove a lower boundfor primerepre-
sentationsisingsymmetricpolynomials.

Theorem 10 Let and be
symmetrigoolynomialsthat representthe OR functionon
variables.Then

Note that this requires but if
, thenit is easyto shawv that

so this casels not interesting. The hard caseof this theo—

remiswhen and arefast-graving functionsof , asin

Alon's construction. To handlethis case,we prove a par

tition lemma(Lemmal1l) which saysthat taking and

largedoesnot help.

De nition 10 Let be distinct primes, let

Let and . We saythat is covered by
if . Wesay and cover if every

is coveredby or
If , we cancover by taking and
Given and , the number
of elementsn thatarecoveredby or s

whichcanbemuchlargerthan
The partitionlemmastateshatto coverthe rst  integers
however, needgo be

Lemma 11 Partition Lemma: If and

cover ,then

Using
the casewhen

proofof thePartitionLemma.Let

begin with, we have and
isclearthat and cover ,however
. Onecouldtry andreduce by removing elements
from it. We wantto show that this resultsin anincrease
in . Remuwing from resultsin the numbers
beinguncovered.Call this set

ratherthan  in theproductletsusignore
. Let ussketchtheideabehindthe

. Assumethatto
It

. Thevariouselementof arelessthan andthey
are congruentmod , hencethe CRT implies they cannot
alsobecongruenmod . Buttheproblemis for ,there

couldbe considerabl@verlapbetweerthe residueof

and mod . Henceit is not clearthatremaoving mary
elementdfrom doesactuallycause toincreaseHow-
ever, by suitablyreorderingthe elementsof |, we shav
thatevery elementremovedfrom causeghesizeof to
increaseby atleast . In factFigure2 shavsthat  could
increaseby just . Thisis sufcient to prove the Partition
Lemma.

Set

de ne

. Givenset
to betheset

— and

of integers,



Figure 2. Proof of Prop 12

Proposition12 Let .If and cover and

then

PrRoOOF: Notethatsince , . Let” denotethe

complemenbf in , so . Foreach |, take
tobethe rst  numbersn congruento
. In otherwords, andfor

. Let

If
by

,then isnotcoveredby soit mustbecovered
. We wantto lower boundthesizeof
Let us reorderthe set as
(this is a reorderingsince ).
to such that
to

It sends
This map sends
to the
of length
. Noneof theseintenals contain , sincethat
suchthat and
. Suchan is not coveredby . Each
interval beginsatadistinctpoint . Sorting
theintervalsby their startingpoints, it followsthattheunion
of suchintervalsof length  containsatleast
elementof

andtheset
interval

for
would give
or

Figure2 illustratesthis argumentfor
. Here
PROOF OF LEMMA 11:

We considerthe cases , and
separatelyThe non-trivial caseis when
1. Let . Numbers lie in distinct
congruencelassesnod and . Hence
2. Let . Thenumbers lie in distinct

congruencelassesnodulo and . Hence

Fommmmmmmm - \
\ \
L |
I 1
and . This provestheclaim
if solet
Let for . Thereare numbers
in eachcongruencelassmod . Thus num-
bersarenot coveredby andhave to be coveredby
. Since , they lie in distinctcongruencelasses
mod . Hence . Usingthefactthat
hence we get
3. Let . By Prop. 12, if , then
. Since , we get
Hencefor we have

We will show thatthis is lower boundedby . By
differentiating,this boundis minimized at one of the
extremevaluesof , soit sufces to checktheboundis
atleast- for thosevalues.When ,

When

isatleast :If ,

, then

and
A

Oneof

11



We now proceedo thealgebraicstepof the proof. Every
symmetricpolynomial computesa sym-
metric function Let .
Every polynomial alsocomputesfunction

. Thefollowing equivalencebetweenthe two
kindsof polynomialsis givenby Theorem?2.4 of [10].

Proposition13 The functions that can be computedby
symmetrigpolynomials of degreelessthan

are the functionswhich can be computedby polyno-
mials

For eachvariable
in . If

, let denotethe degreeof
is the largestindex sothat then
. Thisgivesa boundwith anerrorfactor

of . By de ning anappropriataveighteddegreeof , we

canmalke the correspondencexact.

De nition 11 Given ,

the degree of a monomial with is de-

ned as . Thedggreeof denoted

is themaximundegreeover all monomials.

Notethatif is thelargestindex suchthat

then

Lemma 14 Givenasymmetrigolynomial

thereis a uniquepolynomial thatcomputes

the samefunction andviceversa. Thiscorre-

spondencereserveshedegree

PrROOF: Given a symmetric multilinear polynomial
of deggree , write it as
. Onat 0-1 input . By
Lucas'Theorem
Furtherthepolynomial hasdegree

Thus computeghesamefunctionas

andthey have the samedegree.
To provetheotherdirection,obserethatthemonomials
with form a basisfor polynomialsin
with degreeat most ineach . Fur
therwriting a polynomialin this basisdoesnot changethe
degreeasde ned above. Let bethe deggreeof

12

the monomial . Hencegiven with

degree , onecanwrite

By Lucas'theoremthis computeghe samefunctionasthe
polynomial

For , let
denotethe base and base expansionsof For
let denotethe poly-
nomial appliedto the base expansionof . As con-

sequencef Lemmal4, to prove Theoreml0it sufces to
provethefollowing Proposition.

Proposition 15 Let and

be polynomialssud that

and
For ,
or
Further —
PrROOF: Let denotethelargestindex suchthat
in This implies and
Similarly let be the largestindex so
that Then and
Hence This
provesthe desiredboundfor . Sowe may as-
sumethat
Also , sinceif , then
and o)
which contradictghe hypothesisLet —
Let us considerinputs of the form where
. Obsene thatthis implies
and . Similarly and
. De ne polynomials as
,and as
. Thisimplies
and . Notethat
and (15)
or
We de ne and to bethe setsof
and respectiely. By equationl5 and cover
Soby Lemmall,



Since , this implies that

Since and

The secondnequalityusesthe factthat hence

5 Discussionand OpenProblems

Following the breakthrouglof Baraket al. [8], the al-
gebraicconstructiondescribechereare no longerthe best
constructionknown. However, the appealof thesecon-
structionss their simplicity andelegancefogethemwith the
factthatthey arevery explicit. Sowe believe thatit is im-
portantto resole the questiorof whetherthis approacttan
beatthe Frankl-Wlison bound. As we have seenthis prob-
lem is intimately linked to well-studiedquestionsn com-
plexity theory

Lower Boundsfor Asymmetric Polynomials:

The questionof whetherthereare lower degreeweakrep-
resentationsf the OR functionmod 6 hasbeenopenfor a
while. Thiswork raisesthe questionof whetherow degree
OR representationsxist for our de nition. Better upper
boundswould give betterRamsg graphs. Lower bounds
for primerepresentationwill imply lower boundsfor weak
representationmod6. Prime-paverrepresentationareex-

citing from the lower boundviewpoint sincethey have not

beenstudiedpreviously and might turn out to be easierto

work with. The lower boundof [22] appliesto

bothkindsof representations.

Both our lower boundsfor symmetricpolynomialsfol-
low a similar schemewe characterizéhe zero-setof low-
degreesymmetricpolynomialsandthenshaw thatthereis
no good partition of the hypercube.A naturalquestionis
whethersucha schemecould extend to the generalcase.
The rst stepwouldbeto give aof characterizationf zero-
setsof low degreepolynomials.Motivatedby this we pose
thefollowing problems:

1. Given ,let denotghesmallest
degreeof a polynomialin whichis atevery
pointin  but notattheorigin. Give alower boundon

denotethe smallest
whichis over but
. Give alower boundon

2. Given , let
degreeof a polynomialin
not at every pointin

13

Notethatboththesequantitiesareeasyto computesince
they involve checkingwhethera systemof equationss fea-
sible. We arelooking for acombinatorialower bound,per
hapsanalogouso Lemma6. Thelatterquantity is
closelyrelatedto the notion of the degreeof a subsetstud-
ied by Smolensk with aview towardsproving circuit lower
bounds[21]. The main differenceis that he requiresthe
zero-seto beexactlytheset .

Limitations to Constructions basedon Distances:

We have shavn that using symmetricpolynomialsin out
construction currenttechniquesannotgive betterbounds
on Note that for the constructionsof Alon,
Frankl-Wison and Grolmusz, this techniquegives tight
bounds.Thisaisesthe question:do constructiondasedon
symmetrigpolynomialscontaineithera large clique or in-
dependenset?

Usinga symmetricpolynomialin our constructiorgives
a graphwhereedgesare addedbetweerverticesbasedon
the Hammingdistancebetweenthem. More formally, let

. Thegraph is de ned asfollows:

Thevertex setis . We add to if

. Is it true thatfor every choiceof containsa
largecliqueor independenset?
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